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Abstract

We provide a framework for studying two-sided matching markets with

incomplete information. The framework accommodates two-sided incom-

plete information as well as heterogeneous information among the agents.

We propose a notion called stability for a market state, which, based upon

agents’ information structure, requires (i) individual rationality, (ii) no block-

ing and (iii) information stability. The novelty of our stability notion lies

in how the agents evaluate a blocking prospect, in the presence of general

two-sided incomplete information. We show that a stable state exists; more-

over, if a state is stable, then coarsening agents’ information leads to another

stable state.
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Yusufcan Masatlioglu, Jordi Massó, Luciano Pomatto, Andy Postlewaite, Mike Ostrovsky, Joel
Sobel, Ning Sun, Xiang Sun, Satoru Takahashi, Qianfeng Tang, Xi Weng, Yan Yan, Zaifu Yang
and Yongchao Zhang for their comments and suggestions. Part of this paper was written while
Hu was visiting Stanford University and he would like to thank the institution for its hospitality
and support. Chen acknowledges the partial support by Singapore MOE AcRF Tier 1 Grant.
Hu acknowledges the support by the National Natural Science Foundation of China (Grant
72003121). All remaining errors are our own.

†Department of Economics and Risk Management Institute, National University of Singapore,
Singapore. Email address: ecsycc@nus.edu.sg.

‡School of Economics, Shanghai University of Finance and Economics, Shanghai, China.
Email address: hugaoji@sufe.edu.cn.

1



Contents

1 Introduction 3
1.1 Related literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 The Model 10

3 Stability: a leading notion 12

3.1 Individual rationality . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.2 Blocking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.2.1 Motivation of consideration . . . . . . . . . . . . . . . . . . 14
3.2.2 Consideration and blocking . . . . . . . . . . . . . . . . . . 16

3.2.3 Epistemic interpretation of blocking . . . . . . . . . . . . . . 19

3.3 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4 Properties of blocking and stable states 23

4.1 Improvement at the truth . . . . . . . . . . . . . . . . . . . . . . . 23

4.2 Information monotonicity . . . . . . . . . . . . . . . . . . . . . . . 23

4.3 Stable states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

5 Alternative blocking and stability notions 25

5.1 Level-l blocking/stability . . . . . . . . . . . . . . . . . . . . . . . . 25

5.1.1 Equivalence between different stability notions . . . . . . . . 29

5.2 Sophisticated blocking . . . . . . . . . . . . . . . . . . . . . . . . . 30

5.3 Properties of IT and IM for blocking notions . . . . . . . . . . . . . 33

5.4 Further consideration refinement . . . . . . . . . . . . . . . . . . . . 35

6 Concluding remarks 36

A Proofs and examples 37

A.1 Proofs of Lemma 1 and Propositions 1 and 2 . . . . . . . . . . . . . 37

A.2 Proofs of Theorem 2, Proposition 3 and Theorem 1 . . . . . . . . . 38

A.3 Proof of Theorem 4 and an example on the importance of A3 . . . . 42

A.4 Scenarios that cannot initiate consideration refinement . . . . . . . 45

B For online publication:
Formal analysis for Section 5 1

B.1 Fundamental sources of consideration refinements . . . . . . . . . . 1
B.2 Definition of sophisticated blocking . . . . . . . . . . . . . . . . . . 4

B.3 Additional results for Section 5 . . . . . . . . . . . . . . . . . . . . 5
B.4 Proofs of Propositions 4-8 . . . . . . . . . . . . . . . . . . . . . . . 7

2



1 Introduction

This paper provides a framework for studying two-sided matching markets with in-

complete information. Matching is one of the most important functions of markets

(Roth, 2008). Since the seminal work of Gale and Shapley (1962) and Shapley and

Shubik (1971), for several decades, stability has been a key notion used in theoreti-

cal study as well as practical design of matching markets; see Roth and Sotomayor

(1990) for a survey, and Abdulkadiroglu and Sönmez (2013) and Kojima (2015) on

recent developments. Conceptually, stability has been connected to both equity

and efficiency, two of the most important notions in economics.1 Practically, the

design of many matching markets aims to achieve stable matchings; see Roth and

Peranson (1999) and Abdulkadiroglu and Sönmez (2013).

A prevailing assumption in this literature is that the information is com-

plete, i.e., the characteristics and preferences of all market participants are publicly

known. The assumption makes the analysis tractable but is at best an idealiza-

tion. A woman or man may have imprecise information about her or his potential

partner in a marriage market. A college may have imprecise information about the

students’ capability and a student may also have imperfect understanding about

her/his suitability to a college. Likewise, a firm may not know the productivity

of its job candidates, whereas a worker may not know the corporate culture or

financial health of his potential employer.

Incomplete information is also important concerning the theory of market

design. Specifically, if incentive-compatible stable mechanisms are always available,

then there is no need to concern incomplete information—agents simply reveal their

own information truthfully. However, there is no mechanism that yields stable

matchings and ensures that agents on both sides of the market have dominant-

strategy incentive to truthfully reveal their information (Roth, 1982). For example,

the man-proposing deferred acceptance mechanism makes it a dominant strategy

1See, e.g., Abdulkadiroglu and Sönmez (2013) for how stability implies the elimination of
justified envy, a basic fairness axiom; see, e.g., Shapley and Shubik (1971) for how stability leads
to efficiency.
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for men to truthfully reveal their information, but not for women; and vice versa.

In fact, even with weaker notions of incentive compatibility or stability, stable

mechanisms can only exist under stringent assumptions; see, e.g., Ehlers and Massó

(2007) and Yenmez (2013). Hence, incomplete information, especially incomplete

information on both sides of the market, is of substantive importance.2

In this paper, we propose a general analytical framework for matching with

incomplete information, along with a novel notion of stability.3 Equipped with the

framework, we establish the existence of a stable matching and study the properties

and the structure of stable matchings. Our analytical framework is applicable to

a broad range of matching setups with incomplete information.

To motivate our framework, consider a setup where workers are matched with

firms (Liu et al., 2014).4 We first propose a solution concept called (incomplete-

information) stability. Specifically, stability under complete information requires

individual rationality (i.e., no one strictly prefers staying unmatched to the sta-

tus quo) and no blocking pair (i.e., no worker and firm would both prefer being

matched with each other at some wage to the status quo). When a firm has in-

complete information about workers’ types, however, she may not know whether

hiring another worker is better than keeping her current employee. Moreover,

the firm may not even know whether keeping her current employee is better than

becoming unmatched. Similar difficulties arise on the worker side. In this situa-

tion, the standard notions of individual rationality, blocking, and stability in the

complete-information environment become inadequate.

In the incomplete-information environment, each agent is associated with a

2A stability concept incorporating incomplete information (on both sides) has fundamental
importance for both centralized and decentralized matching markets, and it goes before any
market design problem. We focus on formulating such stability concepts without touching upon
any incentive problem. This also distinguishes our approach from the market/mechanism design
literature.

3Most of the existing papers assume that the types of agents on one side (say, the firms) are
common knowledge. Two notable exceptions are Bikhchandani (2014) and Liu (2017), which we
will discuss in Section 1.1.

4It will become clear that our notions and analysis are also applicable to other matching
setups such as those without transferable utility and/or with ordinal preferences.
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type. The types of the agents determine their payoffs from a match. Moreover,

an agent’s information is described by a partition over the possible type profiles

of all agents. In this setting, a state of the market consists of an allocation (i.e., a

matching and wage profile) and an information structure (i.e., a true type profile

and a partition profile). A state is stable if (i) the allocation is individually rational

“with respect to the information structure”, (ii) the allocation admits no blocking

pair “with respect to the information structure”, and (iii) individual rationality

and the absence of blocking convey no further information to the agents. We

establish the existence of stable states; see Theorem 1.

The novelty of our stability notion lies in how the agents evaluate a blocking

prospect “with respect to the information structure” in requirement (ii). When

the firms’ types are common knowledge as in Liu et al. (2014), a firm’s evaluation

of a new partnership with a worker is conditional on the worker’s willingness of

joining it. In particular, the worker’s evaluation does not depend on the firm’s

evaluation, since the worker knows the type of the firm and thereby his potential

payoff.

When incomplete information prevails on both sides, each agent in a potential

blocking pair needs to consider not only her/his potential partner’s “willingness”

but also how her/his potential partner considers her/his “willingness”, and so on.

Unlike the case with one-sided incomplete information, it is not a priori clear how

“willingness” should be defined to start with. Our key observation is that a firm

can safely rule out a worker’s type from consideration if in no circumstance/type

profile will the worker’s type be willing to partner with the firm. Indeed, such a

worker type’s willingness to block will never be restored, even after the worker type

factors in the firm’s willingness to narrow down the range of possible firm types in

consideration. Once the pair of agents rule out such types from each other, they

will consider fewer possible types of each other and there could result in more types

who in no (now fewer) circumstances will benefit from the blocking prospect and

thereby be ruled out by the other side, and so on. We call the limit set of type

profiles a consideration set of a blocking agent. Like Liu et al. (2014), we require
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that each of the two agents benefits from the blocking prospect under every type

profile in her/his consideration set.

This refinement of consideration set is consistent with and generalizes the

belief-free formulation in Liu et al. (2014) to matchings with two-sided incomplete

information. More precisely, in Liu et al. (2014), a matching outcome is deemed

unstable in their iteration procedure (to achieve requirement (iii)) if and only if it

shall be blocked for any possible belief of the firm conditional on the willingness

of the worker. Similarly, a type profile is ruled out from a firm’s consideration if

and only if the worker never prefers the new partnership for any belief consistent

with the worker’s consideration.5

Our notions of blocking and stability lend themselves to clear epistemic foun-

dations. Namely, a state is blocked by a worker and a firm if and only if each of

them knows according to the consideration set that s/he can benefit from the

new partnership. In a similar vein, a state is stable if and only if it is common

knowledge that the state is individually rational and not blocked; see Propositions

1-2.

We emphasize two properties of blocking, both of which become vacuous

when information is complete. First, improvement at the truth (IT) says that

agents in the blocking coalition will obtain higher ex post payoffs. Obviously, if

IT is satisfied, then blocking implies complete-information blocking. IT bridges

the connection between the incomplete-information stability and the complete-

information stability. Second, information monotonicity (IM) says that blocking

opportunities are easier to arise when agents have more precise information. Our

blocking notion satisfies both properties; see Theorem 2.

We investigate the structure of stable states and show that if a state is stable,

then coarsening agents’ information leads to another stable state; see Proposition

3. The result implies that any stable matching outcome (i.e., the allocation and

the type profile in a stable state) can be supported as a stable state by a specific

5See Sections 1.1 and 3.3 of Liu et al. (2014) for more discussions and Bergemann and Morris
(2007) for belief-free solution concepts in games with incomplete information.
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partition profile—a partition profile induced by the trivial partition under which

agents have the least information; see Theorem 3.

Finally, we discuss alternative blocking/stability notions. The first notion,

called naive blocking, represents the situation where the agents do not refine their

consideration set, or equivalently, their consideration set contains all type profiles

which they cannot rule out under their information partitions. Naive blocking

represents the most conservative blocking notion under incomplete information

with no consideration refinement. Between blocking (level-∞) and naive blocking

(level-0), we also consider level-l blocking which performs consideration refinement

for l rounds. By means of examples, we show that each of the level-l stability

notions impose distinct and increasingly more restrictions (with l) on the set of

matching outcomes. Moreover, we identify conditions under which naive stability

is equivalent to stability and thereby every level-l stability; see Theorem 4.

We also consider another blocking notion called sophisticated blocking which

represents the situation where agents are even more aggressive in refining their

consideration sets than they are under blocking. Specifically, we argue that there

are type profiles which the agents may also rule out under some additional (common

knowledge) assumptions on consideration set refinement. Unlike all those level-l

blockings (l = 0 up to ∞) which satisfy both IT and IM, sophisticated blocking

satisfies only IT but not IM; see Section 5.3. We also prove additional properties

for these blocking/stability notions in the Online Appendix.6

The rest of the section reviews the related literature. Section 2 introduces

the model. Section 3 defines individual rationality, blocking and stability with

incomplete information, and also documents the epistemic foundations of those

definitions. Section 4 examines the IT and IM properties. Section 5 studies alter-

native blocking/stability notions. Section 6 concludes with future research direc-

tions. All proofs can be found in the Appendix. More discussions on alternative

blocking/stability notions can be found in the Online Appendix.

6In particular, we also show that under the conditions identified in Theorem 4, all of these
blocking notions (naive or sophisticated) are equivalent.

7



1.1 Related literature

Our paper follows the recent development on matching with incomplete informa-

tion. Liu et al. (2014) study stable matchings with one-sided incomplete informa-

tion. They propose a stability notion and show that under certain monotonicity

and supermodularity assumptions on the agents’ (premuneration) value functions

from a match, every stable matching outcome is efficient. Pomatto (2020) consid-

ers a noncooperative matching game and applies forward-induction reasoning to

derive the set of stable outcomes in Liu et al. (2014). Chen and Hu (2020) extend

the model of Liu et al. (2014) and prove that a random matching process leads

to stable outcomes with probability one. Bikhchandani (2017) proposes a notion

of stability which is similar to that of Liu et al. (2014) but applies to a Bayesian

setting with nontransferable utilities. Bikhchandani (2017) also points out that a

Bayesian stable matching does not necessarily exist; see also Alston (2020). Liu

(2020) proposes a stability criterion that requires the Bayesian consistency of three

beliefs; namely, the exogenously given prior beliefs, the off-path beliefs conditional

on counterfactual pairwise blockings, and the on-path beliefs for stable matchings

in the absence of such blockings.7

All these aforementioned papers assume one-sided incomplete information.

When there are two-sided incomplete information, Bikhchandani (2014) and Liu

(2017) have proposed different notions of blocking and stability. Specifically, the

blocking notion of Bikhchandani (2014) imposes assumptions on both the value

functions (e.g., monotonicity) and the agents’ knowledge within each side (e.g.,

workers knowing the types of all workers and firms knowing the types of all firms)

so as to define the two agents’ most optimistic assumptions about each other’s

type. In defining blocking, Liu (2017) extends Liu (2020) by proposing a fixed-

7Another strand of literature focuses on stable mechanisms (instead of stable matchings) which
also involve incomplete information. See, e.g., Roth (1989), Chakraborty, Citanna and Ostrovsky
(2010), Yenmez (2013) and Ehlers and Massó (2007, 2015). A stable mechanism usually takes a
notion of stable matchings as given and specifies information eliciting and matching allocation
rules to achieve stable matchings. From another angle, stable mechanisms are associated with
centralized markets, while our paper aims to understand stability of matchings regardless of
whether a centralized mechanism is available or not.
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point notion of “sets of states of the world” based on which the agents update

their beliefs and evaluate the payoffs from joining or rejecting a deviation, i.e.,

the set of states of the world specified for agent i makes the set of states of the

world specified for agent j exactly equal to those in which agent j wants to join

the blocking, and vice versa. Unlike these two papers, we allow for arbitrary value

functions and information partitions and we describe agents’ willingness based on

the result of their iterative consideration refinements. Our iterative consideration

refinement process also leads to a variety of level-l blocking/stability notions.

Immorlica et al. (2020) study matching markets with endogenous costly infor-

mation acquisition as opposed to an exogenous information structure. They intro-

duce a notion called regret-free stability that requires optimal student information

acquisition in a model of college admissions, where students acquire information

about their own preferences over colleges. Since students’ priorities at colleges are

assumed to be common knowledge, the blocking notion in Immorlica et al. (2020)

does not involve the idea of consideration nor its refinement which we study in

this paper. Rastegari et al. (2014) study a setting where agents are endowed with

partial/incomplete preference orderings and investigate which matchings are sta-

ble with respect to some completion of the partial orderings. We may think of

Rastegari et al. (2014) as a situation where the agents have a common information

partition over the set of profiles of complete preferences. In this perspective, our

formulation allows for heterogeneous information about preference incompleteness

and reveals novel blocking notions based on iterative consideration refinement.

Our exercise can also be related to the literature on communication and core

with incomplete information. Specifically, Wilson (1978) proposes two notions

of core which correspond to two polar cases of information-sharing rules within

a blocking coalition. In one extreme case, the agents in a coalition pool all the

information which they possess, and in the other extreme case, the agents in a

coalition share no information with each other. Subsequent papers such as Volij

(2000) and Dutta and Vohra (2005) have explored different information-sharing

rules between the two polar cases. In particular, Volij (2000) formulates a block-
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ing notion in which agents in a coalition iteratively communicate their willingness

to join a blocking until all of them reach a consensus of improvement with respect

to their updated information from the communication. In contrast, our notions

of blocking and stability rely on an iterative consideration refinement process in

which information updating is merely hypothetical and involves no communica-

tion. This perspective also differentiates our paper from papers on communication

complexity such as Segal (2007), Gonczarowski et al. (2019) and Ashlagi et al.

(2020). In particular, Gonczarowski et al. (2019) and Ashlagi et al. (2020) study

how, broadly speaking, complete-information stable matchings can be achieved

through different communication protocols. In contrast, we formulate and study

notions of incomplete-information stability without communication.

2 The Model

We consider the following setup of matching with incomplete information, which

extends the ones of Liu et al. (2014) and Chen and Hu (2020).

There is a finite set I of workers to be matched with a finite set J of firms.

Denote a generic worker by i and a generic firm by j. Also denote a generic agent

by k when we do not distinguish workers from firms. While each agent’s index

i or j is publicly observed, the agent’s productivity is determined by the agent’s

private type. Let W be the finite set of worker types and F be the finite set of

firm types. A type assignment for firms is a mapping f : J → F , and similarly

a type assignment for workers is another mapping w : I → W . We denote by

t := (w, f) a generic type assignment, and denote by T a set of type assignments,

i.e., T ⊂ W |I| × F |J |.

A match between a worker of type w ∈ W and a firm of type f ∈ F gives

rise to the worker premuneration value νw,f ∈ R and the firm premuneration value

φw,f ∈ R.8 The sum of νw,f and φw,f is called the surplus of the match. The

functions ν : W × F → R and φ : W × F → R are common knowledge among

the agents. Denote these values by νt(i),t(i) for unmatched worker i and φt(j),t(j)

8See Mailath, Postlewaite and Samuelson (2013, 2017) for discussions on premuneration values.
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for unmatched firm j, both of which are set to be zero. Given a match between

worker i and firm j, with type assignment t, the worker’s payoff and the firm’s

payoff under wage p ∈ R are, respectively, νt(i),t(j) + p and φt(i),t(j) − p.

A matching is a mapping µ : I ∪ J → I ∪ J such that (i) µ(i) ∈ J ∪ {i}; (ii)

µ(j) ∈ I ∪ {j}; and (iii) µ(i) = j if and only if µ(j) = i for all i ∈ I and all j ∈ J .

In words, each worker is either unmatched, denoted by µ(i) = i, or assigned to a

firm that employs him; and each firm is either unmatched, denoted by µ(j) = j,

or hires a worker. A payment scheme p ∈ R|I∪J | associated with a matching µ is

a vector that specifies a wage payment pi,µ(i) ∈ R to each worker i, and a wage

payment pµ(j),j ∈ R from each firm j. To avoid nuisance cases, we associate zero

payments with unmatched agents, by setting pii = pjj = 0. Finally, an allocation

(µ,p) consists of a matching µ and an associated payment scheme p. We assume

that the allocation is publicly observable.

Beyond the public information that the agents’ type assignment belongs to T ,

the agents may also have their own private information about the type assignment.

Specifically, for every agent k, we describe her private information by a partition

Πk over T . For any type assignment t, write Πk (t) as the cell of partition Πk

that contains t. When the true type assignment is t, agent k regards each type

assignment t′ in Πk (t) as possible. Denote the profile of partitions by Π, i.e.,

Π := ({Πi}i∈I , {Πj}j∈J), which is assumed to be common knowledge. Say partition

profile Π′ is (weakly) finer than partition profile Π if, for each agent k, we have

Π′k (t) ⊂ Πk (t) for every type assignment t ∈ T .

A state of the matching market, (µ,p, t,Π) specifies an allocation (µ,p), a

type assignment t, and a partition profile Π. In words, a state of the market

describes who is matched with whom at which wage, the true type assignment,

and what each agent knows.

Finally, we introduce the following standard notions from game theory (see,

e.g., Osborne and Rubinstein (1994)). An event is a subset of T . Say agent k

knows an event E ⊂ T at t if Πk(t) ⊂ E. Given a partition profile Π, each agent
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k has a knowledge function Kk,Π(·) defined by

Kk,Π(E) := {t ∈ T : Πk(t) ⊂ E} .

An event E ′ ⊂ T is self-evident among a set of agents K ⊂ I ∪ J if for all t ∈ E ′

we have Πk(t) ⊂ E ′ for all k ∈ K. An event E is said to be common knowledge

among a set of agents K ⊂ I ∪ J at t if there is a self-evident event E ′ among K

for which t ∈ E ′ ⊂ E.

We add a few remarks on the framework as a model for matching with in-

complete information. First, the model apparently covers the classical complete

information setup. Say information is complete if every agent knows what is the

true type assignment, i.e., Πk (t) = {t} for all t ∈ T and all k. Second, the model

also covers the setup of one-sided incomplete information analyzed in Liu et al.

(2014), Chen and Hu (2020) and Pomatto (2020). Formally, these papers ana-

lyze the situation where the firms’ types are common knowledge, i.e., f ′ = f for

all (w, f) , (w′, f ′) ∈ T . Third, unlike Liu et al. (2014) and Chen and Hu (2020),

the model accommodates but makes no presumption about the agents’ knowledge

about their own types or their partners’ types. For instance, if we assume that

agents know their partners’ types, then for each state (µ,p, t,Π) with µ (i) = j

and t = (w, f), we have w′ (i) = w (i) for all (w′, f ′) ∈ Πj ((w, f)) and f ′ (j) = f (j)

for all (w′, f ′) ∈ Πi ((w, f)).

None of our results will be affected by any of these aforementioned infor-

mational/observability assumptions, namely that our results hold regardless of Π.

Finally, our model also lends itself to a transparent epistemic description for the

blocking/stability notion which we will demonstrate in the next section.

3 Stability: a leading notion

3.1 Individual rationality

A state is individually rational if for every agent, it is possible, based on the agent’s

information partition, to have a non-negative payoff.
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Definition 1 A state (µ,p, t,Π) is individually rational if for each i ∈ I and

each j ∈ J , respectively,

νt′(i),t′(µ(i)) + pi,µ(i) ≥ 0 for some t′ ∈ Πi (t) and (1)

φt′(µ(j)),t′(j) − pµ(j),j ≥ 0 for some t′ ∈ Πj (t) . (2)

Individual rationality has a natural epistemic foundation:

Fact 1 A state (µ,p, t,Π) is individually rational if and only if at t, no agent

knows the event that s/he has a negative payoff, i.e., for all i ∈ I and all j ∈ J ,

t /∈Ki,Π
({

t′ ∈ T : νt′(i),t′(µ(i)) + pi,µ(i) < 0
})

and

t /∈ Kj,Π
({

t′ ∈ T : φ t′(µ(j)),t′(j) − pµ(j),j < 0
})
.

In Definition 1, a matched agent is individually rational as long as one of the

partner’s types gives the agent a non-negative payoff. That is, she is pessimistic

about the payoff change from leaving the current partner. As a result, individual

rationality here is a permissive notion. To see this feature, consider an example

with only one worker and one firm, and no transfer.9 The firm has no private

information. The worker has a good type that produces an output of 2 for the firm

and a bad type that causes a loss of 2, which the firm cannot distinguish. The

worker’s matching payoff is always 1 for himself regardless of his type. Assume the

payoff from being unmatched is 0. In this situation, without further assumptions,

Definition 1 allows for both the state of “matched” and the state of “unmatched”

being individually rational. By Fact 1, this is because in either state, the firm does

not know that changing the status quo leads to a payoff improvement.10

Liu et al. (2014) do not run into the issue of the example, as they as-

sume mutual observability of the agents’ types in a match. With the assumption,

their individual rationality notion becomes the ex post notion. Alternatively, Liu

(2020) does not require observability of partner’s type but instead formulates a

9We are grateful to an anonymous referee for suggesting this example to illustrate the issue.
10Observe that here the lack of knowledge is independent of the firm’s probabilistic belief which

is outside our model.
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Bayesian/belief-based framework to consistently assign on-path and off-path be-

liefs of stable matchings. To sidestep the issue in our belief-free setting, we could

also follow Liu et al. (2014) by assuming the mutual observability of the agents’

types in a match.11 Here we opt for the permissive notion of Definition 1 to main-

tain its flexibility as well as consistency with the blocking notion that we are about

to introduce in the next subsection.

3.2 Blocking

3.2.1 Motivation of consideration

With complete information, a matching is blocked if there exist a worker and a

firm such that both agents can benefit from being rematched with each other at

some wage. To motivate our notion of blocking under incomplete information,

consider a potential rematching (i, j; p) for the state (µ,p, t,Π). Observe that in

evaluating the rematching with worker i at wage p, firm j will not consider the

type assignments in Πj (t) at which worker i must not be willing to participate in

the rematching with firm j. That is, firm j can rule out from her consideration

any type assignment t′ at which worker i knows that he will not benefit from being

rematched with firm j with wage p. This is the key idea to define blocking when

there is one-sided (worker-side) incomplete information as in Liu et al. (2014) and

Chen and Hu (2020).

When the firm-side information is also incomplete, similarly, worker i will

not consider type assignments in Πi (t) at which firm j must not be willing to

participate in the rematching with worker i. Furthermore, with two-sided incom-

plete information, once the pair of agents take into account each other’s ruling out

some type assignments from their consideration, they may be able to rule out some

more type assignments from their consideration, as we illustrate in the following

example.

Example 1 Consider a market with two workers, i.e., I = {α, β}, and two firms,

11As will become clear, all of our results hold regardless of whether we impose this assumption
or not.
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i.e., J = {a, b}. The set of possible type assignments is given by T = {t, t′, t′′},
i.e.,

t t′ t′′

α 2 2 2

β 3 1 1

a 3 3 5

b 2 4 4.

The premuneration values for workers and firms are given by the product form,

i.e., νw,f = φw,f = wf . Obviously, given any wage, every agent prefers a partner

with a higher type to a partner with a lower type.

We first describe a state (µ,p, t,Π). Suppose that firm a hires worker α and

firm b hires worker β. In other words, a matching µ is given by µ (α) = a and

µ (β) = b. Assume for simplicity that p = 0. Suppose further that the first type

assignment t is true, and that agents’ partitions are given as if agents can observe

their own types and their own partner’s types, i.e.,

Πα = {{t, t′} , {t′′}} ,

Πβ = {{t} , {t′, t′′}} ,

Πa = {{t, t′} , {t′′}} , and

Πb = {{t} , {t′, t′′}} .

It is straightforward to verify that if there is complete information at t, then

β and a will both benefit from being rematched with each other at wage 0. With

incomplete information associated Π, however, firm a would be worried about the

possible type assignment t′. To be precise, for the possible type 1 of β, firm a

would obtain a lower payoff 3 than her status quo payoff 6.

However, we proceed to argue that the potential rematching (β, a; 0) should

block the state (µ,p, t,Π). First of all, worker β is willing to participate in the

rematching (β, a; 0) because he knows that the true type assignment is t, at which

he will get a higher payoff if rematched with firm a. Then it suffices to check
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firm a’s willingness. Firm a only worries about the possible type assignment t′.

Nevertheless, we argue that she does not need to consider t′. More precisely, she

knows that if the true type assignment is t′, then worker β regards both t′ and t′′

as possible. Note that worker β would not consider t′′ if the true type assignment

were t′, because firm a would definitely object to the rematching (β, a; 0) if t′′ were

the true type profile (i.e., there is no possibility for firm a to obtain a higher payoff).

Hence, worker β would consider only t′, at which he would object to the rematching

(β, a; 0). That is, worker β would definitely object to the rematching (β, a; 0)

should t′ be the true type profile (i.e., there is no possibility under consideration

for worker β to obtain a higher payoff). Therefore, firm a does not need to consider

t′. Considering only t, firm a is willing to participate in the rematching (β, a; 0).

Therefore, (β, a; 0) should block the state (µ,p, t,Π).

3.2.2 Consideration and blocking

To formalize the iterative reasoning in Example 1, we introduce a notion called

consideration correspondence. To simplify notations, we fix a state (µ,p, t,Π) and

a potential rematching (i, j; p), and hereafter we omit the reference of the blocking

notion to (µ,p, t,Π) and (i, j; p). For each t′ ∈ T , we define the indicators χ(t′)

for both agents as follows.

χi(t
′) :=

Y if νt′(i),t′(j) + p > νt′(i),t′(µ(i)) + pi,µ(i),

N otherwise;
(3)

χj (t′) :=

Y if φt′(i),t′(j) − p > φt′(µ(j)),t′(j) − pµ(j),j,

N otherwise.
(4)

For example, χi(t
′) = Y (Yes) means that worker i is willing to participate in the

blocking (i, j; p) if he knows that the true type profile is t′. However, since worker

i may not know whether t′ is true, it should be clear that such worker i’s will-

ingness is only hypothetical. This kind of hypothetical willingness/unwillingness

constitutes the basis of our consideration refinement. We now define the notion of

consideration correspondence as follows.
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Definition 2 Set C0 = Π. For every l ≥ 1 and every t′ ∈ T , define the round-l

consideration correspondences

C l
i (t′) :=

{
t′′ ∈ Πi (t

′) : ∃t′′′ ∈ C l−1
j (t′′) s.t. χj(t

′′′) = Y
}

and (5)

C l
j (t′) :=

{
t′′ ∈ Πj (t′) : ∃t′′′ ∈ C l−1

i (t′′) s.t. χi(t
′′′) = Y

}
. (6)

The (limit) consideration correspondences for the potential rematching (i, j; p)

at (µ,p, t,Π) are defined as C∞i (t′) = ∩∞l=1C
l
i (t′) and C∞j (t′) = ∩∞l=1C

l
j (t′) for

each t′ ∈ T . We also call C∞k (t′) the consideration set of agent k at t′.

Two remarks on the consideration correspondences are in order. First, (5)

and (6) mean that the worker i and firm j in the potential rematching only consider

type assignments such that their potential partner “may be” willing to join the

rematching, i.e., type assignments at which there is at least some “Yes” in their

potential partner’s consideration set from the previous round. Equivalently, agent

k rules out a type assignment from her consideration in round l if and only if agent

−k have confirmed his unwillingness at the type assignment in round l − 1. The

confirmation of unwillingness means that agent −k’s consideration set in round

l − 1 either consists of uniformly “No” or has become empty.

Second, the following lemma verifies that the consideration correspondences

are monotonically decreasing in l. The monotonicity has two implications. First,

it does not matter whether we require t′′ ∈ Πk (t′) or t′′ ∈ C l−1
k (t′) in (5) and

(6). Second, since T is finite, there is some l∗ such that C l
i (t′) = C∞i (t′) and

C l
j(t
′) = C∞j (t′) for all l ≥ l∗ and all t′ ∈ T . Note that C∞k (t′) might be empty.

Lemma 1 For k = i, j and each t′ ∈ T , C l
k (t′) is decreasing in l w.r.t. set

inclusion.

Example 1 (Revisited) Incorporating the information conveyed by indicators,

we can rewrite the partitions of worker β and firm a as partitions over lists of

indicators, i.e.,

t t′ t′′

Πβ = {{Y }, {N Y }}
Πa = {{Y N}, {N}}.
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Worker β’s and firm a’s round-1 consideration correspondences are, respectively,

t t′ t′′

C1
β : {t} {t′} {t′}
C1
a : {t, t′} {t, t′} {t′′}

We can represent such correspondences by deleting Y or N from the partitions

over the lists of indicators, which facilitates the comparison with partitions:

t t′ t′′

C1
β = {{Y }, {N }}

C1
a = {{Y N}, {N}}.

In similar ways, worker β’s and firm a’s round-2 consideration correspondences can

be written as follows, respectively:

t t′ t′′

C2
β = {{Y }, {N }}

C2
a = {{Y }, { }}.

We say a state is blocked by a combination (i, j; p) if both agents i and

j could have higher rematching payoffs under every type assignment that is con-

sidered at the true one.

Definition 3 A state (µ,p, t,Π) is blocked by (i, j; p) if C∞i (t) 6= ∅, C∞j (t) 6= ∅
and

νt′(i),t′(j) + p >νt′(i),t′(µ(i)) + pi,µ(i) for all t′ ∈ C∞i (t) and (7)

φt′(i),t′(j) − p >φt′(µ(j)),t′(j) − pµ(j),j for all t′ ∈ C∞j (t) . (8)

In this case, we say (i, j; p) is a blocking combination for (µ,p, t,Π). Say a

state is unblocked if it is not blocked by any combination (i, j, p).

As a special case, if C∞i (t) = {t} and C∞j (t) = {t}, then (7)-(8) reduce

to the standard conditions for complete-information blocking. In other words, the

limit consideration correspondences pin down when our notion of blocking under

incomplete information reduces to complete-information blocking. Definition 3 also

extends the definitions of blocking in Liu et al. (2014) and Chen and Hu (2020) to

18



two-sided incomplete information while remaining “belief-free” in two important

aspects. First, a type assignment is ruled out from an agent’s consideration set if

and only if the potential partner entertains no possibility of joining the blocking

combination, i.e., the potential partner’s consideration is either empty or consists

exclusively of “No”, regardless of his belief. Second, two agents form a blocking

combination if and only if they secure strict improvement in all possibilities which

they deem consistent with their consideration sets, regardless of their beliefs.

3.2.3 Epistemic interpretation of blocking

Our framework also lends itself to an epistemic characterization of the blocking

notion in Definition 3 which we provide here. The epistemic characterization yields

a descriptive formulation of the blocking notion in terms of the agents’ information

and knowledge.

Fix a state (µ,p, t,Π) and a potential blocking combination (i, j; p). We

define Bk as the event in which agent k benefits from being rematched with her or

his potential partner, i.e.,

Bi :=
{
t′ ∈ T : νt′(i),t′(j) + p > νt′(i),t′(µ(i)) + pi,µ(i)

}
and

Bj :=
{
t′ ∈ T : φt′(i),t′(j) − p > φt′(µ(j)),t′(j) − pµ(j),j

}
.

If firm j knows that Bj does not occur, she knows that she will not benefit from

forming the rematching with worker i at wage p and hence will not join the blocking

combination. That is, conditional on the blocking combination being formed,

worker i could safely ignore any type assignment at which firm j knows that Bj

does not occur. This refinement can be formulated with worker i hypothetically

updating his partition with the hypothetical information represented by the binary

partition {Kj,Πj
(
Bc
j

)
, T \ Kj,Πj

(
Bc
j

)
}, namely that

Ui (Πi,Πj) := Πi ∨ {Kj,Πj
(
Bc
j

)
, T \ Kj,Πj

(
Bc
j

)
}.12 (9)

Likewise, conditional on the blocking combination (i, j; p) being formed, firm j can

12Terminologies and notations: for an arbitrary subset B of T , the complement of B is denoted
by Bc, i.e., Bc = T \ B. The join of two partitions is the coarsest common refinement of them,
where the operator is denoted by ∨. See Aumann (1976). Analogously, the meet of two partitions
is the finest common coarsening of them, where the operator is denoted by ∧.
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also hypothetically update Πj to

Uj (Πi,Πj) := Πj ∨ {Ki,Πi (Bc
i ) , T \ Ki,Πi (Bc

i )}. (10)

We write Kj,Πj and Ki,Πi instead of Kj,Π and Ki,Π because these operators describe

hypothetical belief updating of only Πi and Πj but not other agents’ partitions.

For k = i, j, let Πl+1
k ≡ U l+1

k (Πi,Πj) := Uk
(
U li (Πi,Πj) ,U lj (Πi,Πj)

)
for each

l ≥ 1. Since T is finite and (Πl
i,Π

l
j) becomes finer and finer, there must be an

integer l∗ such that

(Πl
i,Π

l
j) = (Π∞i ,Π

∞
j ) for every l ≥ l∗.

We call (Π∞i ,Π
∞
j ) the hypothetical information structure for the blocking combina-

tion (i, j; p). The information structure is hypothetical as the blocking combination

needs not be formed.

Volij (2000) defines a notion of core under incomplete information which in-

corporates endogenous communication of willingness to trade among the agents.

While the definition of hypothetical information structure may appear similar to

the definition of core in Volij (2000), it does not require actual communication be-

tween worker i and firm j about their willingness to join the blocking combination.

More precisely, the “information updating” embodied in (9) and (10) builds only

upon the “common knowledge” that each agent will rule out the type assignment

according to which the other agent never considers joining the blocking combi-

nation. Such “common knowledge” must be formulated via refining the agents’

information partitions as per (9) and (10) to reflect the type assignments which

the agents rule out. The formulation thus makes the hypothetical information

structure similar to the information structure resulted from iterative communica-

tion of willingness to join the blocking combination.

The following proposition provides an epistemic characterization of blocking

in Definition 3:

Proposition 1 A state (µ,p, t,Π) is blocked by (i, j; p) if and only if under the

hypothetical information structure, both i and j know at t that they will benefit

from being rematched, i.e., t ∈ Ki,Π∞i (Bi) ∩ Kj,Π∞j (Bj).
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We may compare Proposition 1 with Fact 1. Indeed, individual rationality

can be viewed as absence of the blocking combination (k, k, 0). Since the agent

learns nothing about her/himself from her/his willingness of staying unmatched,

the hypothetical information structure must be identical to the initial information

structure Π.

3.3 Stability

Like the notion of stability with complete information, the notion of stability which

we are about to propose also requires individual rationality and the absence of

blocking. Unlike the notion of stability with complete information, however, our

stability must also embody a notion called information stability. With one-side

incomplete information, the notion of information stability is originally formulated

in Liu et al. (2014) and reformulated in Chen and Hu (2020) in terms of partitional

information structure of the firms. Here we extend information stability to a two-

sided incomplete-information environment based upon the novel blocking notion

in Definition 3.

Define a set of type assignments as follows:

Nµ,p,Π := {t ∈ T : (µ,p, t,Π) is individually rational and unblocked} .
Intuitively, by the public information (µ,p,Π) and the absence of blocking, agents

know that the true type assignment lies in Nµ,p,Π. Let CKΠ denote the meet

(i.e., finest common coarsening) of the partition profile Π. Then, given a state

(µ,p, t,Π), the set CKΠ(t) is the cell of the meet of Π that contains the true type

assignment t. Upon observing the absence of blocking, each agent can refine their

partitions within CKΠ(t). In contrast to the hypothetical information updating in

Section 3.2.3, the information refinement here is based upon the de facto absence

of blocking.

We now formally define an operator Hµ,p(·) to represent the information

refinement. For notational convenience, we denote by Nµ,p,Π the binary partition
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that is induced by Nµ,p,Π, i.e., Nµ,p,Π := {Nµ,p,Π, T \Nµ,p,Π}.

[Hµ,p(Π)]j(t
′) :=

Πj(t
′) ∩Nµ,p,Π(t′), if t′ ∈ CKΠ(t);

Πj(t
′), otherwise.

(11)

A state is said to be stable if it is individually rational and unblocked, and more-

over, no further information can be inferred from individual rationality and the

absence of blocking.

Definition 4 A state (µ,p, t,Π) is stable if it satisfies the following three require-

ments:

(i) (µ,p, t,Π) is individually rational.

(ii) (µ,p, t,Π) is not blocked.

(iii) Hµ,p(Π) = Π.

We provide an epistemic foundation for our notion of stability. In particular,

stability is characterized by the common knowledge of individual rationality and

no blocking.

Proposition 2 A state (µ,p, t,Π) is stable if and only if at t, it is common knowl-

edge that the state is individually rational and not blocked.

We close this section by the existence of stable states.

Theorem 1 The set of stable states is nonempty. In particular, for any t ∈
T , let (µ,p) be a complete-information stable allocation and Π be an arbitrary

information partition profile. Then (µ,p, t, H∞µ,p(Π)) is stable, where H l
µ,p(·) is the

l-iteration of Hµ,p(·).

The result says that every complete-information stable allocation is associ-

ated with at least one stable state via the informationally stable partition H∞µ,p(Π).

The existence of complete-information stable allocation has been obtained by Shap-

ley and Shubik (1971) and Crawford and Knoer (1981). Moreover, Theorem 1 also

extends the existence result in Liu et al. (2014) and Chen and Hu (2020) to a

setting with two-sided incomplete information. The proof of Theorem 1 will be

presented in Appendix A.2.
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4 Properties of blocking and stable states

In this section, we introduce two properties of blocking, i.e., improvement at the

truth and information monotonicity. Both of them are specific to the incomplete-

information environment and useful in understanding stability with incomplete

information.

4.1 Improvement at the truth

Fix a blocking combination (i, j; p) for the state (µ,p, t,Π). First, we are inter-

ested in the essence of blocking—an opportunity to obtain higher payoffs through

rematching. Will the two agents i and j get de facto higher payoffs? If the answer

is yes, then we say blocking satisfies improvement at the truth. This is arguably

the most basic desideratum behind any blocking notion in matching theory. We

formalize the property as follows:

Improvement at the Truth (IT). If (µ,p, t,Π) is blocked by (i, j; p), then

χi(t) = Y and χj(t) = Y .

We know from the definition of consideration correspondence that at the

true type assignment t, only a subset of Πk(t) is considered. If IT holds, then

t is considered at t by both i and j. More importantly, if IT is satisfied, then

blocking with incomplete information implies blocking with complete information.

In other words, the set of incomplete-information blocking combinations is a subset

of complete-information blocking combinations.

Improvement at the truth holds in the one-sided incomplete-information set-

ting such as Liu et al. (2014) and Chen and Hu (2020). In our more general setup,

instead of proving IT directly, we will establish a stronger property in the next

subsection which implies IT.

4.2 Information monotonicity

We now introduce the second property of blocking as follows:

Information Monotonicity (IM). If (µ,p, t,Π) is blocked by (i, j; p) and Π̂ is
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a finer partition profile than Π, then (µ,p, t, Π̂) is also blocked by (i, j; p).

Clearly, IM is stronger than IT. More precisely, when Π̂ is the complete-

information partition profile, (µ,p, t, Π̂) is blocked by (i, j; p) if and only if χi(t) =

Y and χj(t) = Y , which is exactly the definition of IT. Intuitively, IM means that

when agents have more precise information, it is easier for them to find blocking

opportunities.13 Indeed, the blocking notion in Definition 3 satisfies IM and, thus,

IT.

Theorem 2 The blocking notion in Definition 3 satisfies IM and IT.

IM is a generalization of Fact 1 in Chen and Hu (2020).

4.3 Stable states

Equipped with the properties of blocking, we are now ready to investigate prop-

erties of stable states. We first derive an analogy to the IM property of blocking.

In particular, we show that if (µ,p, t, Π̂) is stable and Π̂ is finer than another

partition profile Π, then the state (µ,p, t,Π) is “essentially” stable in the sense

that it will become stable under the refined partition profile H∞µ,p(Π). The formal

result is as follows.

Proposition 3 Suppose that Π̂ is a finer partition profile than Π. If a state

(µ,p, t, Π̂) is stable, then the state (µ,p, t, H∞µ,p(Π)) is stable.

The following theorem says that every matching outcome (i.e., an allocation

and a true type profile) which arises from a stable state can also be made a stable

state via a particular partition profile.

Theorem 3 Let Π̄ be the trivial partition profile over T such that agents have the

least information, i.e., Π̄k := {T} for all k ∈ I ∪ J . For an arbitrary matching

outcome (µ,p, t), the state (µ,p, t,Π) is stable for some Π if and only if the state

(µ,p, t, H∞µ,p(Π̄)) is stable.

13Another reason for introducing two separating properties is that IM is not satisfied for some
variant blocking notions but IT is satisfied. See Section 5.3.
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The sufficiency part is trivial. The necessity part follows from Proposition

3. This result shows that despite the great variety of incomplete-information sit-

uations, the entire set of stable allocations across all information structures can

be identified via the set of stable allocations under a specific class of information

structures obtained from Π̄.

5 Alternative blocking and stability notions

In this section, we discuss two alternative directions of formulating blocking. In

comparison with the blocking notion in Definition 3, the first direction explores sit-

uations where the agents are more conservative in forming a blocking pair, whereas

the second direction explores situations where the agents are more aggressive in

forming a blocking pair. An extreme case in the first direction leads to a so-called

naive blocking notion, in which agents’ consideration sets conservatively contain

all possible type assignments according to their information partitions. Between

blocking (level-∞) and naive blocking (level-0), we also consider level-l blocking

which performs consideration refinement for l rounds with 1 ≤ l < ∞. In the

second direction, we argue that there are type assignments which the agents can

also rule out, if we impose additional assumptions on consideration refinement.

This leads to what we call a sophisticated blocking notion. Each of these blocking

notions, together with the corresponding individual rationality and information

stability conditions, corresponds to a different stability notion. We summarize the

existence and properties of those stability notions in Section 5.3.

5.1 Level-l blocking/stability

In Section 3.2.2 we define consideration refinement as an iterative process. Reach-

ing the limit of the iteration process may require an arbitrarily large number of

rounds and thus a high degree of reasoning complexity. Here we say that a state

is level-l blocked if there exist a firm, a worker, and a potential wage such that

with the rematching of them, both agents would receive a higher payoff under all

type assignments which they consider after l rounds of consideration refinement.

Formally, recall that C l
i and C l

j are round-l consideration correspondences defined
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in Definition 2.

Definition 5 A state (µ,p, t,Π) is level-l blocked by (i, j; p) if C l
i (t) 6= ∅,

C l
j (t) 6= ∅ and

νt′(i),t′(j) + p >νt′(i),t′(µ(i)) + pi,µ(i) for all t′ ∈ C l
i (t) and

φt′(i),t′(j) − p >φt′(µ(j)),t′(j) − pµ(j),j for all t′ ∈ C l
j (t) .

Obviously, when l =∞, we have our blocking notion in Definition 3. When

l = 0, agents evaluate rematching payoffs simply based on C0
i = Πi and C0

j = Πj.

We also call level-0 blocking naive blocking since agents do not perform considera-

tion refinement at all. This level-l formulation is reminiscent of the level-k model

proposed by Stahl and Wilson (1994, 1995) and Nagel (1995), and to our knowl-

edge, Definition 5 is the first blocking notion which incorporates level-l reasoning.

We know by Lemma 1 that if a state is level-l blocked by some worker-firm

pair, then it is level-(l+ 1) blocked by the same pair. However, the converse is not

true for any l. To see this, we first notice that in our Example 1 in Section 3.2,

the state (µ,p, t,Π) is not level-1 blocked by (β, a; 0) but it is level-2 blocked by

(β, a; 0). More generally, for any l, we can construct a similar example in which

level-(l + 1) blocking strictly refines level-l blocking.

Example 2 Consider a market with only one worker β and one firm a. We assume

away transfers throughout the example. There are l+2 type assignments with l ≥ 1

being odd and t1 being true (the example for an even l is similar):

t1 t2 t3 t4 t5 · · · tl−1 tl tl+1 tl+2

w(β): 1
2
−1

4
1
4
−15

16
1
16

· · · −2l−1−1
2l−1

1
2l−1 −2l+1−1

2l+1
1

2l+1

f(a): 1
2
−1

2
−7

8
1
8

−31
32
· · · 1

2l−2 −2l−1
2l

1
2l

−2l+2−1
2l+2 .

The premuneration value function for the worker is given by νw,f = wf + w, and

for the firm by φw,f = wf + f .

Suppose β and a are unmatched. To see agents’ willingness/objection to

joining a match, we summarize the premuneration values under a match as follows:
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t1 t2 t3 t4 t5 · · · tl−1 tl tl+1 tl+2

νw(β),f(a):
3
4
−1

8
1
32

−135
128

1
512

· · · − ···
22l−3

1
22l−1 − ···

22l+1
1

22l+3

φw(β),f(a):
3
4
−3

8
−35

32
1

128
−527

512
· · · 1

22l−3 − ···
22l−1

1
22l+1 − ···

22l+3 ,

where the numerators “· · · ” are positive integers whose magnitudes do not matter.

We specify agents’ partitions over type assignments as if they can only observe the

denominator of their types. As in Example 1 (Revisited), we can specify agents’

indicators of being matched with each other, which, together with the partition

profile, result in the following partitions over lists of indicators:

t1 t2 t3 t4 t5 · · · tl−1 tl tl+1 tl+2

Πβ = {{Y } , {N Y } , {N Y } , · · · , {N Y } , {N Y }}

Πa = {{Y N} , {N Y } , · · · · · · · · · , {N Y } , {N}} .

In this case, (β, a) is a level-(l + 1) blocking pair but not a level-l one.

Contrary to the relationship among the blocking notions, if a state is level-(l+

1) stable, then it is (essentially) level-l stable.14 Therefore, the set of level-l stable

matching outcomes is decreasing in l in the set inclusion sense. Similar to blocking,

Example 2 can also differentiate any two stability notions in the series. Hence, each

of the level-l stability notions impose (strictly) distinct restrictions on the set of

matching outcomes, with higher-level stability imposing sharper restriction.

Example 2 (Continuing) There are only two possible matchings: µ(β) = a

(i.e., the two agents are matched) and µ(β) = β (i.e., both agents are unmatched).

Given no transfer, the true type assignment t1 and the partition profile (Πβ; Πa),

it is straightforward to check that both of the two possible states are level-l stable.

Although the state with a match is level-(l+ 1) stable, the state with no match is

level-(l + 1) blocked by (β, a).

14The state (µ,p, t,Π) is essentially (level-l) stable if (µ,p, t, H∞
µ,p(Π)) is (level-l) stable. We

put “essentially” here because the state may not be exactly level-l stable due to the violation of
information stability. But after information updating from no blocking, the new state with the
same matching outcome must be level-l stable. See Proposition 7 in Online Appendix B.3 and
its proof in Online Appendix B.4.
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There are actually two layers of reasons why a higher-level stability notion

imposes sharper restriction. The first reason is standard—a higher-level blocking

notion admits more blocking pairs and thus excludes more states from being stable.

The second reason is more subtle and manifests itself through the information-

stability requirement. With a higher-level blocking notion, a state is harder to be

unblocked. Therefore, the set Nµ,p,Π of type assignments under which the state

is unblocked, as defined in Section 3.3, is smaller. As a result, the absence of

blocking conveys more precise information to agents so that blocking is easier to

arise once information is updated. Again, a higher-level blocking/stability notion

admits more blocking pairs, but in the updated state, and thus excludes more

states from being stable. We revisit Example 1 from this angle.

Example 1 (Continuing) Given µ, p = 0 and Π, it is straightforward to verify

that all three states (µ,p, t,Π), (µ,p, t′,Π) and (µ,p, t′′,Π) are naively stable.

Now we adopt level-1 stability. Obviously, the second state (µ,p, t′,Π) is level-1

blocked by (α, b), which illustrates the first layer of reason. To see the second

layer, note that both (µ,p, t,Π) and (µ,p, t′′,Π) are level-1 unblocked. Consider

the first state (µ,p, t,Π). Once agents learn Nµ,p,Π = {t, t′′} from no blocking,

information becomes complete and the updated state is level-1 blocked.

One may wonder whether the sharpest notion in the level-l series could bring

us to, say, complete-information stability and have implications like efficiency.

When there is only one-sided incomplete information and agents within a matched

pair can observe the true type of each other, all our level-l stability notions with

l ≥ 1 reduce to that of Liu et al. (2014) through Chen and Hu (2020). Then, it

follows from the result of Liu et al. (2014) that with monotonic and supermod-

ular premuneration value functions, every stable matching outcome is efficient.

However, with two-sided incomplete information, even with these assumptions on

premuneration value functions, a (level-∞) stable state may not be efficient in

general. To see this, we modify Example 1 in Section 3.2.1 slightly and redefine

t′′(α) = 1/2. Consequently, the market state (µ,p, t,Π) becomes (level-∞) stable,

28



but it is obviously not efficient.

Despite the possible inefficiency of stable matchings, since the set of level-l

stable matching outcomes is decreasing in l in the set inclusion sense, for any par-

tition profile and any true type assignment, the worst-case total surplus across all

level-l stable outcomes is increasing in l. In this sense, level-l stable matching out-

comes are (weakly) more efficient when l is larger.15 Example 1 (Continuing) and

Example 2 (Continuing) also show that the efficiency improvement can be strict: in

the former, naive stability admits two inefficient states (µ,p, t,Π) and (µ,p, t′,Π),

which are excluded by level-1 stability; and in the latter, level-l stability admits an

inefficient state, i.e., the no-match one, which is excluded by level-(l+ 1) stability.

Example 2 also says that in general we need to push consideration refinement

to the limit. However, we may impose some conditions on the model to reduce the

number of round of reasoning. One possible direction is to consider the distance

between the underlying information structure and the complete-information one,

say, measured by dΠ = maxt∈T |CKΠ(t)|. If dΠ = 1, then we have a complete-

information case. Intuitively, the smaller dΠ is, the closer Π is to the complete-

information partition profile, and the less round of reasoning is needed in consid-

eration refinement.

5.1.1 Equivalence between different stability notions

Under what conditions is the level-l blocking as simple as naive blocking? Theorem

4 below provides an answer by identifying the following sufficient conditions under

which all the level-l blockings are equivalent:

A1. (One-Dimensional Type) W ⊂ R and F ⊂ R.

A2. (Increasing Utility) The premuneration value functions νw,f and φw,f are

strictly increasing in w and f .

15The maximal total surplus across all level-l stable outcomes is invariant with l. This follows
from the facts that (1) the complete-information stable outcomes, which are efficient due to
Shapley and Shubik (1971), are always included in the set of (level-∞) stable outcomes according
to Theorem 1 and that (2) (level-∞) stability is the sharpest solution concept among all level-l
stabilities.
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A3. (Non-Transferable Utility) No transfer is permitted.

A4. (Knowledge within One Side) It is common knowledge that each worker knows

the types of all workers and each firm knows the types of all firms.

All of these conditions have appeared in the literature: Conditions A1-A2

are imposed in Liu et al. (2014); Conditions A1-A3 in Bikhchandani (2017); and

Condition A4 (implicitly) in Liu et al. (2014) and in Pomatto (2020).

Theorem 4 Suppose that Conditions A1-A4 hold. Then, for any l, l′ ∈ N, a state

is level-l blocked if and only if it is level-l′ blocked; and, consequently, a state is

level-l stable if and only if it is level-l′ stable.16

Conditions A1 and A2 are standard. Example 1 illustrates that even if A1-

A3 hold simultaneously, without A4, a state can be level-2 blocked but not naively

blocked. Example 4 in Appendix A.3 demonstrates the importance of A3 in es-

tablishing the equivalence, in which Conditions A1, A2 and A4 are satisfied. The

examples show that in those environments even when A1 and A2 hold, it is in

general necessary to distinguish different blocking/stability notions.

Note that the conditions in Theorem 4 are all independent of agents’ spe-

cific partition profile. We may alternatively impose conditions on the partition

profile to obtain equivalence. For instance, when all agents have the same infor-

mation partition, all kinds of blocking reduce to naive blocking. And this is true

independently of other primitives of the model.

5.2 Sophisticated blocking

Contrary to naive blocking, we can also think of blocking notions in which the

agents are more aggressive in forming a blocking pair. In particular, we may con-

ceive scenarios other than the one illustrated in Example 1 in which the agents

16Under Conditions A1-A4, all level-l blockings are also equivalent to the notion of sophisticated
blocking to be introduced in the next subsection; the claim will be formally stated in Online
Appendix B.3.
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can refine their consideration further. With more aggressive refinement of consid-

eration within the potential blocking pair, it is easier for a state to be blocked.

To formulate the idea, we propose two natural restrictions on general consid-

eration correspondences, denoted by C†i (·) and C†j (·), for a fixed potential blocking

pair (i, j).17 The first one says that consideration should be consistent with knowl-

edge; and the second one says that each consideration set, when it is nonempty,

can be expressed as a union of cells in the join of partitions Πi and Πj:

C†k(t) ⊂ Πk(t) for k = i, j and all t ∈ T. (12)

t′ ∈ C†k(t) implies [Πi ∨ Πj](t
′) ⊂ C†k(t) for k = i, j and all t, t′ ∈ T. (13)

Since the consideration correspondences are defined via the refining of agents’

information partitions, the intuition for (12) is obvious. Moreover, restriction

(13) says that consideration refinement, as a hypothetical information updating

process, can never go finer than pooling the information of Πi and Πj. Clearly, (12)

restricts the upper bound, whereas (13) restricts the lower bound of consideration

sets. These two restrictions constitute the basis of consideration refinement for the

sophisticated blocking notion which we will define.

Although simple, (12) is the assumption to justify the consideration refine-

ment process (5)-(6). To see this, we revisit Example 1 in Section 3.2. Recall that

the key driver of worker β’s consideration refinement is that there exists a cell

Πa(t
′′) of Πa in which firm a always objects, i.e., χa(t̃) = N for all t̃ ∈ Πa(t

′′).

Therefore, as long as (12) holds, we know either that C†a(t
′′) = ∅ or that χa(t̃) = N

for all t̃ ∈ C†a(t′′). Whichever C†a(t
′′) is, firm a is definitely not willing to join the

blocking at t′′. Hence, worker β can safely ignore t′′. This is the uniform N case

we have seen in Section 3.2.2.

From worker i’s perspective, the uniform N case is based upon (12) and only

the firm’s information partition Πj; and vice versa. If we dig further, (12) can

initiate more consideration refinement when the information of both Πj and Πi is

17Recall our baseline principle is that agents’ willingness to block is based on their payoff
evaluation on the consideration sets; see, e.g., Definition 3. That is why we seek for natural
restrictions on general consideration correspondences.
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used. To see this, consider the scenario in the figure below.

t t′ t′′

Agent i {Y N} · · ·
Potential partner j · · · {Y Y }

Namely, Y and N co-exist in agent i’s partition cell {t, t′}. At the type assignment

t′ where agent i’s indicator is N , the potential partner’s corresponding indicators

are uniformly Y ’s. By (12), as long as C†j (t
′) is nonempty, at that cell {t′, t′′}, the

potential partner j shall always be willing to join the blocking regardless of her

specific consideration set, i.e., χj(t̃) = Y for all t̃ ∈ C†j (t′), whichever C†j (t
′) is.18

Recall our key idea that an agent rules out a type assignment from consideration

only if it is safe to do so as in (5)-(6), i.e., an agent considers all type assignments

under which the potential partner “may be” willing to join the blocking. Now

with uniform Y , the potential partner j is “definitely” willing to join the blocking

at t′. Thus, plausibly, agent i would consider t′ at {t, t′}, whichever his specific

consideration set is. Then agent i would definitely say no at {t, t′} because he

cares about the worst-case payoff, i.e., the undetermined case should become a

determined objection. Because of i’s determined objection, just like in the uniform

N case, the potential partner j does not need to consider either t or t′. We refer

to this scenario as the supported N case.

Now let us exemplify how the agents may refine their consideration based

upon (13) and the information of both Πj and Πi. Consider the scenario in the

figure below.

t t′ t′′

Agent i {Y N} · · ·
Potential partner j {Y N Y }

18Here we assume away the case C†
j (t′) = ∅ to make the intuition more straightforward. An

empty consideration set means that some consideration refinement has already occurred. Yet here
we focus on the “starting point” to initiate consideration refinement, with the two restrictions
(12)-(13) in mind. The same explanation applies to the scenario in the next paragraph. See
Online Appendix B.1 for a more formal and comprehensive discussion.
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Agent i’s partition cell {t, t′} is contained in her potential partner j’s corresponding

partition cell {t, t′, t′′}. Then obviously Πi(t) = [Πi∨Πj](t). Thus, as long as (13)

holds and C†i (t) ≡ C†i (t
′) is nonempty, we have C†i (t) ≡ C†i (t

′) = {t, t′}, i.e., agent

i can never distinguish Y and N when refining consideration. Since agent i cares

about the worst-case payoff, this also renders the undetermined case a determined

objection. Because of i’s determined objection, just like in the uniform N case,

the potential partner j does not need to consider either t or t′. We refer to this

scenario as the inseparable N case.

We argue in Online Appendix B.1 that uniform N ’s, inseparable N ’s and

supported N ’s are the only three “fundamental” sources of consideration refine-

ments which we can identify using the restrictions (12)-(13).19 Within them, from

agent i’s perspective, uniform N ’s are of order zero in the sense that it is identified

using just the information of Πj (and restriction (12)); whereas inseparable N ’s

and supported N ’s are of order one in the sense that they are identified using both

the information of Πj and the information of Πi (and restriction (12) or (13)).

Clearly, higher-order reasoning will be taken account in the iterative consideration

refinement process.

Incorporating all uniform N ’s, supported N ’s and inseparable N ’s into the

iterative definition of consideration sets will lead to, what we call, a sophisticated

blocking notion. Intuitively, in such a situation agents are more aggressive in

refining their consideration sets than they are under blocking. As a result, a

blocking opportunity becomes (strictly) easier to arise, i.e., if a state is blocked,

then it is sophisticatedly blocked.20

5.3 Properties of IT and IM for blocking notions

Based on the proof of Theorem 2, one can similarly show that every level-l blocking

satisfies IM and thus IT. Unlike those level-l blockings, the sophisticated blocking

satisfies IT but not IM. In the following example, IM is not satisfied because the

19See Appendix A.4 for examples illustrating that not all scenarios with both Y and N faced
by an agent can initiate consideration refinements.

20See Proposition 5 in Online Appendix B.3 for a formal treatment.
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consideration refinement due to an inseparable N disappears when the information

partitions become finer.21

Example 3 Consider a potential blocking pair for a state, where there are four

possible type assignments and the agents’ hypothetical willingness/unwillingness

is summarized in the figure below.22

Truth

t1 t2 t3 t4

Worker {Y } {N Y Y }
Firm {Y N} {Y N}

Clearly, the firm’s right partition cell, which contains t3 and t4, is a case of

inseparable N . The firm knows that the true type assignment is either t1 or t2,

and she worries about t2, under which she would not obtain a higher payoff through

rematching. However, she would think that if the true type assignment is t2, then

the worker would know his right partition cell {t2, t3, t4}, where t3 and t4 should

not be considered due to the inseparable N of the firm. Therefore, the firm does

not need to consider t2 , which means that the potential blocking pair is indeed a

blocking pair.

Now let us consider an alternative situation in the figure below, where only

the partition profile changes.

Truth

t1 t2 t3 t4

Worker {Y } {N Y } {Y }
Firm {Y N} {Y } {N}

21We provide another similar example in Online Appendix B.4, where the consideration re-
finement due to a supported N disappears when information becomes finer. As a byproduct, the
original market states in those examples distinguish sophisticated blocking from blocking.

22One can easily come up with a comprehensive description of the market and the status quo
state such that the situation is exactly what we present in the figure. But here we omit those
details to only focus on crucial items.
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Clearly, agents have more precise information as both agents’ partitions become

strictly finer. However, the worker and the firm no longer constitute a blocking

pair because the firm would consider t2 when evaluating the rematching.

In Online Appendix B, we provide the formal definition of sophisticated

blocking, the formal discussions of IT and IM properties for different blocking

notions, and a formal comparison between different blocking/stability notions.

5.4 Further consideration refinement

Is it possible for agents to make further inference from the limit consideration sets?

To illustrate the issue, consider the situation depicted in the figure below.

Truth

t1 t2 t3

Worker {Y N} {Y }
Firm {Y } {N Y }

In this situation, there are three type assignments t1, t2 and t3. Obviously,

there is no uniform N , inseparable N , or supported N . As a result, at t1 or t3,

both agents’ consideration set coincides with their partition cell and either the

worker or the firm would object the rematching, whether we adopt naive blocking,

blocking, or sophisticated blocking.

Now consider the following reasoning to “justify” a blocking combination for

the situation. As the worker cannot distinguish t1 and t2, he may think that,

given the limit consideration sets, the firm will object the rematching if the true

type profile is t2. Therefore, the worker does not need to consider the type profile

t2 when the true type assignment is t1. It follows that the worker (as well as

the firm) would be willing to join the rematching at t1, and symmetrically, at

t3. However, this “consideration refinement at the limit” is inconsistent. To wit,

when the worker rules out t2 at t1, he must assume that the firm will object

the rematching at t2. The basis for the latter assumption, however, is that the

firm has “confirmed” the N at t2 and hence the decision of not participating in
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the rematching at type assignment t2 (and hence t3). This assumption is not

warranted, if at type assignment t3 (and hence t2), the firm is also following

symmetrically the reasoning of the worker at t1 to entertain the possibility of

joining the rematching.

This example illustrates the subtlety as to why in defining sophisticated

blocking, we opt to search for a “starting point” such as the three kinds of N

which make no reference to how we define a consideration set and only to the basic

properties (12) and (13). Actually, all blocking notions studied in the current paper

are along this line—specifying a “starting point”, pinning down the consideration

sets through iteration and stating blocking conditions based on consideration sets,

which sharply contrast the fixed-point blocking notion of Liu (2017).

6 Concluding remarks

In this paper, we provide a general framework for studying two-sided matching

markets with incomplete information. We propose a stability notion as a solution

concept for these matching markets and also establish its existence and epistemic

foundation. We document properties of the blocking notion and stable states which

are specific to the incomplete-information environment. We also examine alterna-

tive blocking/stability notions which include the two extreme cases of consideration

refinement.

Stability in incomplete-information two-sided matching markets remains a

largely unexplored and yet important topic in market design. One reason for this

gaping hole in the literature on incomplete-information markets is that it is usually

difficult to develop tractable and well-founded models for this setting. Tractable

models might end up making overly simplistic assumptions on the agents, while

well-founded ones might require complex reasoning which is hardly predictive.23

Our paper attempts to bridge the two extremes with the notion of consideration

refinement which enables a natural level-l reasoning and further study. It remains

to be investigated whether, and to what extent, standard results on the structure

23We thank a referee for raising this point.
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of stable matchings hold in the general incomplete-information environments.24

There might also be structural restrictions on the set of stable states beyond IT

and IM in more specific matching environments.

Appendix A Proofs and examples

A.1 Proofs of Lemma 1 and Propositions 1 and 2

Proof of Lemma 1 We prove by induction. Obviously, we have

C1
i (t′) ⊂ C0

i (t′) = Πi(t
′) and C1

j (t′) ⊂ C0
j (t′) = Πj(t

′).

Suppose the claim of the lemma holds for step l ≥ 1, i.e.,

C l
i(t
′) ⊂ C l−1

i (t′) and C l
j(t
′) ⊂ C l−1

j (t′). (14)

We proceed to show that

C l+1
i (t′) ⊂ C l

i(t
′) and C l+1

j (t′) ⊂ C l
j(t
′).

Suppose t′′ ∈ C l+1
i (t′). Then there exists t′′′ ∈ C l

j(t
′′) such that χj(t

′′′) = Y .

By (14), C l
j(t
′) ⊂ C l−1

j (t′). Therefore, t′′′ ∈ C l−1
j (t′′) and χj(t

′′′) = Y . Hence,

t′′ ∈ C l
i(t
′) and consequently C l+1

i (t′) ⊂ C l
i(t
′). The argument for C l+1

j (t′) ⊂ C l
i(t
′)

is symmetric.

Proof of Proposition 1 We proceed to show that in either direction,

C l
i(t) = Πl

i(t) and C l
j(t) = Πl

j(t) for every l = 0, 1, 2 . . . , (15)

which particularly lead to C∞i (t) = Π∞i (t) and C∞j (t) = Π∞j (t). Since Π∞i and Π∞j

are partitions, we know that C∞i (t) 6= ∅ and C∞j (t) 6= ∅ must hold if (15) holds.

Obviously, (7) holds if and only if C∞i (t) ⊂ Bi. Similarly, (8) holds if and only if

C∞j (t) ⊂ Bj. Therefore, C∞i (t) = Π∞i (t) would imply that (µ,p, t,Π) is blocked

by (i, j; p) if and only if Π∞i (t) ⊂ Bi and Π∞j (t) ⊂ Bj, which are exactly the same

as t ∈ Ki,Π∞i (Bi) and t ∈ Kj,Π∞j (Bj) respectively.

To see that (15) holds, we use induction. First of all, we have

C0
i (t) = Πi = Π0

i (t) and C0
j (t) = Πj = Π0

j(t).

24For instance, Example 2 in Chen and Hu (2020) illustrates that the celebrated Rural Hospital
Theorem (c.f. Theorems 2.22 and 5.12 of Roth and Sotomayor (1990)) no longer holds with
incomplete information.
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Suppose (15) holds for step l ≥ 0. Then

C l+1
i (t) =

{
t′ ∈ Πi(t) : ∃t′′ ∈ C l

j(t
′) s.t. χj(t

′′) = Y
}

=
{
t′ ∈ C l

i(t) : ∃t′′ ∈ C l
j(t
′) s.t. χj(t

′′) = Y
}

=
{
t′ ∈ Πl

i(t) : ∃t′′ ∈ Πl
j(t
′) s.t. χj(t

′′) = Y
}

=Πl
i(t) ∩

[
T \ Kj,Πlj(B

c
j)
]
,

where the second equality follows from Lemma 1, the third equality follows from the

induction hypothesis and fourth equality follows from the definition of Kj,Πlj . We

claim that t ∈ T \ Kj,Πlj(B
c
j), which leads us to Πl

i(t) ∩ [T \ Kj,Πlj(B
c
j)] = Πl+1

i (t),

and thus C l+1
i (t) = Πl+1

i (t). To see this, suppose t ∈ Kj,Πlj(B
c
j). Then either

t ∈ Kj,Π∞j (Bj) is violated in the “if” direction because Πl
j(t) ⊂ Bc

j and Π∞j is

finer than Πl
j, or (8) is violated in the “only-if” direction because Πl

j(t) ⊂ Bc
j and

C∞j (t) ⊂ C l
j(t) = Πl

j(t). The argument for C l+1
j (t) = Πl+1

j (t) is symmetric. This

completes the proof of (15) and thus the proposition.

Proof of Proposition 2 Note that Hµ,p(Π) = Π is equivalent to CKΠ(t) ⊂
Nµ,p,Π. Then

(µ,p, t,Π) is a stable state ⇐⇒ t ∈ Nµ,p,Π and Hµ,p(Π) = Π

⇐⇒ t ∈ Nµ,p,Π and CKΠ(t) ⊂ Nµ,p,Π

⇐⇒ CKΠ(t) ⊂ Nµ,p,Π.

Since CKΠ is the meet of the partition profile Π, every cell of it, particularly

CKΠ(t), is a self-evident event. Hence, CKΠ(t) ⊂ Nµ,p,Π is equivalent to saying

that at t, it is common knowledge that the state is individually rational and not

blocked.

A.2 Proofs of Theorem 2, Proposition 3 and Theorem 1

Proof of Theorem 2 Throughout this proof, we let l∗ be the smallest integer

such that C l∗

k = C∞k , where k = i, j. We need two lemmata to prove the theorem.

First, we show that consideration correspondences in iteration (5)-(6), particularly

the limit ones, must be measurable with respect to Πi ∨Πj.
25 Therefore, should t′

25We say that a set is measurable w.r.t. Πi ∨ Πj if it is measurable w.r.t. the σ-algebra
generated by all unions of sets in Πi ∨Πj .
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be the true type profile, the smallest possible consideration set is [Πi ∨ Πj] (t′).

Lemma 2 (Measurability.) For each l, the correspondences C l
i and C l

j are mea-

surable w.r.t. Πi ∨ Πj.

Proof Pick an arbitrary t′ such that C1
i (t′) 6= ∅. Let t′′ ∈ C1

i (t′). We proceed

to show that for all t′′′ ∈ [Πi ∨ Πj] (t′′), we must have t′′′ ∈ C1
i (t′). This is true

because t′′′ ∈ [Πi ∨ Πj] (t′′) implies that Πj(t
′′) = Πj(t

′′′), i.e., C0
j (t′′) = C0

j (t′′′),

and that

∃t′′′′ ∈ C0
j (t′′) s.t. χj(t

′′′′) = Y ⇐⇒ ∃t′′′′ ∈ C0
j (t′′′) s.t. χj(t

′′′′) = Y,

which precisely implies Therefore, C1
i (t′) is measurable w.r.t. Πi ∨ Πj. Similar

argument applies to C1
j (t′). Induction completes the proof.

Next, we prove a stronger version of IT.

Lemma 3 (Strong Improvement at the Truth (SIT).) If (µ,p, t,Π) is blocked

by (i, j; p), then for every t′ ∈ [Πi ∨ Πj] (t), χi(t
′) = Y and χj(t

′) = Y .

Proof We prove by contradiction. Suppose that there exists t′ ∈ [Πi ∨ Πj] (t)

such that χi(t
′) = N . Since (µ,p, t,Π) is blocked by (i, j; p), we know that χi(t

′′) =

Y for every t′′ ∈ C l∗
i (t). Therefore, measurability (Lemma 2) implies

C l∗

i (t) ∩ [Πi ∨ Πj] (t) = ∅. (16)

By the iteration rule (5) and measurability, (16) is true only if one of the following

two cases happens (for agent j at round l∗ − 1):

(a) C l∗−1
j (t) 6= ∅ and for every t′′′ ∈ C l∗−1

j (t), we have χj(t
′′′) = N .

(b) C l∗−1
j (t) = ∅, which implies C l∗−1

j (t) ∩ [Πi ∨ Πj] (t) = ∅.

Suppose case (a) holds. Then monotonicity, i.e., C l∗
j (t) ⊂ C l∗−1

j (t) (Lemma

1), implies that for every t′′′ ∈ C l∗
j (t), we have χj(t

′′′) = N , which contradicts

(µ,p, t,Π) being blocked by (i, j; p). Suppose case (b) holds. This is true only

if either case (a) or case (b) holds for agent i at round l∗ − 2. Similar argument

shows that case (a) leads to a contradiction. This continues until round zero is

reached and only case (b) is possible, i.e., we have either (case (b) for agent i at
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round zero)

C0
i (t) ∩ [Πi ∨ Πj] (t) = ∅

or (case (b) for agent j at round zero)

C0
j (t) ∩ [Πi ∨ Πj] (t) = ∅.

However, both of which bring us to a contradiction since C0 = Π. Hence, for all

t′ ∈ [Πi ∨ Πj] (t), we have χi(t
′) = Y . Symmetric argument shows that χj(t

′) = Y

holds as well for all t′ ∈ [Πi ∨ Πj] (t).

Now we prove Theorem 2. Suppose (µ,p, t,Π) is blocked by (i, j; p). Let Π̂

be finer than Π. Then we know that for each t′ ∈ T ,

Π̂i(t
′) ⊂ Πi(t

′) and Π̂j(t
′) ⊂ Πj(t

′).

Note that C l
i(t
′) defined in (5) is increasing in both Πi(t

′) and C l−1
j (t′′), and that

C l
j(t
′) defined in (6) is increasing in both Πj(t

′) and C l−1
i (t′′). It follows from

induction that for each t′ ∈ T and each l = 1, 2, . . . ,

Ĉ l
i(t
′) ⊂ C l

i(t
′) and Ĉ l

j(t
′) ⊂ C l

j(t
′).

Particularly, we have that for each t′ ∈ T ,

Ĉ l∗

i (t′) ⊂ C l∗

i (t′) and Ĉ l∗

j (t′) ⊂ C l∗

j (t′),

where the dependence of l∗ on Π̂ and Π is suppressed in the notation.

Now it suffices to show Ĉ l∗
i (t) 6= ∅ and Ĉ l∗

j (t) 6= ∅. Since (µ,p, t,Π) is blocked

by (i, j; p), we know by SIT (Lemma 3) that

νt(i),t(j) + p > νt(i),t(µ(i)) + pi,µ(i) and φt(i),t(j) − p > φt(µ(j)),t(j) − pµ(j),j.

Therefore, the true type assignment t is not eliminated from the consideration sets

Ĉ l
i(t) and Ĉ l

j(t) along (5)-(6), for all l = 1, 2, . . . . In particular, t ∈ Ĉ l∗
i (t) and

t ∈ Ĉ l∗
j (t). Therefore, the limit consideration sets are nonempty for both agents,

i.e., Ĉ l∗
i (t) 6= ∅ and Ĉ l∗

j (t) 6= ∅. It follows from Definition 3 that (µ,p, t, Π̂) is

blocked.

Proof of Proposition 3 Suppose (µ,p, t, Π̂) is stable. Then (µ,p, t, Π̂) is

individually rational and not blocked. Moreover, by the definition of Nµ,p,Π̂(t),

we know that (µ,p, t′, Π̂) is individually rational and not blocked for all t′ ∈
Nµ,p,Π̂(t). The individual rationality of (µ,p, t′, Π̂) implies the individual rational-
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ity of (µ,p, t′,Π) because Π̂ is finer than Π. By Theorem 2, (µ,p, t′, Π̂) being not

blocked implies that (µ,p, t′,Π) is not blocked. Therefore, we have

Nµ,p,Π̂(t) ⊂ Nµ,p,Π(t). (17)

Since Π̂k(t
′) ⊂ Nµ,p,Π̂(t) for every t′ ∈ Nµ,p,Π̂(t) and every k (by the defini-

tion of H(·) in (11)), it follows from (17) that

Π̂k(t
′) ⊂ Nµ,p,Π(t) for all t′ ∈ Nµ,p,Π̂(t) and all k ∈ I ∪ J.

Since Π̂ is finer than Π, it follows that

Π̂k(t
′) ⊂ Πk(t

′) for all t′ ∈ Nµ,p,Π̂(t) and all k ∈ I ∪ J.
Therefore, for every k and every t′ ∈ Nµ,p,Π̂(t), the definition of H(·) in (11)

implies that

Π̂k(t
′) ⊂ Π1

k(t
′). (18)

We claim that the state (µ,p, t′,Π1) is not blocked for every t′ ∈ Nµ,p,Π̂(t).

Otherwise, the state (µ,p, t′, Π̂) is blocked by Theorem 2 (applied locally on the

event Nµ,p,Π̂(t)), which is a contradiction. Hence, (µ,p, t′,Π1) is not blocked. The

individual rationality of (µ,p, t′, Π̂) implies the individual rationality of (µ,p, t′,Π1)

because Π̂ is finer than Π1 on the event Nµ,p,Π̂(t).

Inductively for every integer l ≥ 1, we have

Nµ,p,Π̂(t) ⊂ Nµ,p,Πl(t). (19)

Thus, for every t′ ∈ Nµ,p,Π̂(t) and every k, we have

Π̂k(t
′) ⊂ Πl

k(t
′),

which, together with (19) implies that (µ,p, t′,Πl) is individually rational and not

blocked. Particularly, (µ,p, t,Πl) is individually rational and not blocked. Since

Πl is weakly finer than Πl−1, there exists l∗ such that Πl∗+1 = Πl∗ . Therefore, the

limit state (µ,p, t,Π∞) = (µ,p, t,Πl∗) is stable.

We need the following lemma to prove Theorem 1. The lemma also serves

as a proof for the existence of naive stable states and sophisticated stable states,

because it is independent of how blocking is defined. Moreover, for naive stability,

the existence statement can be as strong as Theorem 1 since IM is satisfied.

Lemma 4 For any t ∈ T , let (µ,p) be a complete-information stable allocation
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and Π be the complete-information partition profile. Then (µ,p, t,Π) is stable.

Proof of Lemma 4 For any t ∈ T , let (µ,p) be a complete-information stable

allocation at t, which exists by, say, Shapley and Shubik (1971). Define a partition

profile Π such that Πk(t
′) = {t′} for every t′ ∈ T and every k. We proceed to

verify that (µ,p, t,Π) is stable. First, since (µ,p) is a complete-information stable

allocation at t and Π represents complete information, (µ,p, t,Π) is obviously

individually rational.

Second, we claim (µ,p, t,Π) is not blocked. Suppose to the contrary that it

is blocked by a combination (i, j; p). Then we have C∞i (t) 6= ∅ and C∞j (t) 6= ∅.
On the other hand, by Lemma 1, both C l

i(t) and C l
j(t) are decreasing in l, which

implies that C∞i (t) ⊂ Πi(t) = {t} and C∞j (t) ⊂ Πj(t) = {t}. Hence, we have

C∞i (t) = {t} and C∞j (t) = {t}. As a result, (7)-(8) say that (µ,p) is complete-

information blocked by (i, j; p), a contradiction.

Finally, since Πk(t) = {t} for every t ∈ T and every k, i.e., Π is already

the finest partition profile, we know that Π is a fixed point of Hµ,p(·) regardless of

(µ,p). Therefore, the state (µ,p, t,Π) is stable.

Proof of Theorem 1 It follows from Lemma 4 and Proposition 3.

A.3 Proof of Theorem 4 and an example on the importance of A3

Proof of Theorem 4 We clarify some notations before proving the theorem.

Let t = (w, f) and t′ = (w′, f ′). Under Condition A4, for every t′ ∈ Πi(t), we have

w′ = w and for every t′ ∈ Πj(t), we have f ′ = f . In this sense, we need to treat

w and f separately. Taking Condition A3 (no transfer) into account, we shall now

write a typical state as (µ,w, f ,Π), and a blocking combination now is simply a

blocking pair.

Suppose (µ,w, f ,Π) is level-l blocked by a pair (i, j). We proceed to show

that the state is also level-l′ blocked by the same pair (i, j), by arguing C l′
i (w, f) =

C l
i(w, f) and C l′

j (w, f) = C l
j(w, f). It suffices to show that the two agents’ consid-
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eration at (w, f) cannot be refined at all, i.e., for every l′′ ∈ N,

C l′′

i (w, f) = Πi(w, f) and C l′′

j (w, f) = Πj(w, f). (20)

We prove this by induction.

First of all, we have C0
i (w, f) = Πi(w, f) and C0

j (w, f) = Πj(w, f) by defini-

tion. Suppose (20) holds up to l′′ = k−1, where k ≥ 1. To complete the induction,

we need to show Ck
i (w, f) = Πi(w, f) and Ck

j (w, f) = Πj(w, f). For an arbitrary

type assignment (w′, f ′) ∈ Ck−1
i (w, f) = Πi(w, f), we claim that

(a) χj(w
′, f ′) = Y and

(b) (w′, f ′) ∈ Ck−1
j (w′, f ′),

which would imply by (5) that (w′, f ′) ∈ Ck
i (w, f) and thus Ck

i (w, f) = Πi(w, f).

The argument for Ck
j (w, f) = Πj(w, f) is symmetric.

Proof of Claim (a). Since level-l blocking implies (level-∞) blocking by definition

and the latter satisfies IT (Theorem 2), we know that level-l blocking satisfies IT

as well. This, together with A3, imply that

νw(i),f(j) > νw(i),f(µ(i)) and φw(i),f(j) > φw(µ(j)),f(j). (21)

Since agents prefer higher types by Conditions A1-A2, the second part of (21)

implies that

w(i) > w(µ(j)). (22)

Since worker i knows the types of all workers (A4), we have w′ = w for each

(w′, f ′) ∈ Πi(w, f). Finally, inequality (22) and Conditions A1-A2 imply that

φw′(i),f ′(j) > φw′(µ(j)),f ′(j),

which is equivalent to saying that χj(w
′, f ′) = Y .

Proof of Claim (b). If k = 1, then obviously we have

(w′, f ′) ∈ C0
j (w′, f ′) = Πj(w

′, f ′).

Suppose k ≥ 2. Since (w′, f ′) ∈ Ck−1
i (w, f) ⊂ Πi(w, f), we know that (w′, f ′)

and (w, f) are in the same partition cell of Πi. Therefore, Πi(w
′, f ′) = Πi(w, f)
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and Ck−2
i (w′, f ′) = Ck−2

i (w, f). By the induction hypothesis, we have Ck−2
i (w, f) =

Πi(w, f), which implies that Ck−2
i (w′, f ′) = Πi(w

′, f ′). Therefore, (w, f) ∈ Πi(w
′, f ′)

implies (w, f) ∈ Ck−2
i (w′, f ′). Note that the first part of (21) means χi(w, f) = Y .

Hence, we have (w′, f ′) ∈ Ck−1
j (w′, f ′) by (6).

The following example demonstrates the importance of A3 in establishing

the equivalence in Theorem 4, when Conditions A1, A2 and A4 are all satisfied.

Example 4 Consider a market with two workers, α and β, and one firm, a. The

set of possible type assignments is given by T = {t, t′}, i.e.,

t t′

α 3 3

β 4 1

a 2 2

The premuneration values for workers and firms are given by νw,f = φw,f = wf .

Obviously, given any wage, every agent prefers a partner with a higher type to a

partner with a lower type.

We first describe a state (µ,p, t,Π). Suppose µ (α) = a, µ (β) = β, and

p = 0. Suppose t is the true type assignment, and that agents’ partitions are

given as if agents have the knowledge of the agent types within their own side, i.e.,

Πα = Πβ = {{t} , {t′}} , and Πa = {t, t′} .

Now consider the potential blocking combination (β, a;−3). Using the par-

titions over lists of indicators as in Example 1, we rewrite agents’ partitions in

the left panel below. The consideration correspondences of a and β could then be

represented as in the right panel.

t t′

Πβ = {{Y }, {N}}
Πa = {{Y N}}

t t′

C1
β = {{Y }, {N}}

C1
a = {{Y }}

Clearly, (β, a;−3) (level-1) blocks the status quo state, but not naively.
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A.4 Scenarios that cannot initiate consideration refinement

The following examples illustrate that not all scenarios with both Y and N faced

by an agent can initiate consideration refinements:

Agent {Y N} · · ·
Potential partner . . . {Y N}

Agent {Y N} · · ·
Potential partner . . . {N Y }

In these two cases, whether the agent can rule out N cannot be deduced from

(12) and (13) only and must depend on how the consideration set is defined/refined

for both agents. For instance, in the left panel, if the potential partner can rule out

her N by, say, uniform N ’s of the agent, then the potential partner will consider

only Y and the agent will have to consider N . Alternatively, if the potential

partner’s N is supported, say, due to the agent’s uniform Y ’s, then the potential

partner’s consideration set will have to contain the N and the agent can safely rule

out his N . Either case can happen.

While the left panel concerns whether the agent’sN is potentially a supported

N , the right panel concerns whether the agent’s N is potentially not considered

because of the potential partner’s (refined) uniform N . Both cases illustrate that

whether the agent can rule out N cannot be deduced from (12) and (13) only and

must depend on how the consideration set is defined/refined for both agents.
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Appendix B For online publication:

Formal analysis for Section 5

In this online appendix, we formally state and prove the results that are briefly

discussed in Section 5. Throughout, we fix a potential blocking combination (i, j; p)

and let the partition profile be Π.

First, in Appendix B.1, we formally elaborate why we shall pay specific at-

tention to the uniform N case, the supported N case and the inseparable N case,

which we will refer as the fundamental sources of consideration refinements. Then

we formally define sophisticated blocking in Appendix B.2. Related results will be

stated in Appendix B.3 and proved in Appendix B.4.

B.1 Fundamental sources of consideration refinements

Suppose for now that we do not have a formulation of consideration refinement yet,

and we are about to define some consideration correspondences that specifies for

each agent at each type assignment a set of considered type assignments. Denote

the consideration correspondences to be defined by C†i (t) and C†j (t), where t ∈ T .

For convenience, here we restate the upper-bound constraint (12) and the

lower-bound constraint (13) introduced in Section 5.2:

C†i (t) ⊂ Πi(t) and C†j (t) ⊂ Πj(t), for all t ∈ T. (12)

t′ ∈ C†k(t) implies [Πi ∨ Πj](t
′) ⊂ C†k(t), for k = i, j and all t, t′ ∈ T. (13)

Based on these natural restrictions and upon nothing else, we proceed to

figure out in which cases worker i (firm j) can refine his (her) consideration. Indeed,

taking into account the possibility that refinements may lead to further refinements,

we shall focus on cases which initiate consideration refinements, instead of defining

C†i (t) and C†j (t) directly. And the initiating cases will actually pin down C†i (t)

and C†j (t).

We now identify all fundamental sources of consideration refinements, which

could serve as the starting points of an iteration process, like (5)-(6), that will
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precisely define the consideration correspondences C†i and C†j . Given the symmetry

between i and j, we will focus on worker i’s point of view: When should worker i

exclude t ∈ Πi(t) from consideration? As has been discussed, we shall classify the

cases only according to properties (12) and (13) and, of course, common knowledge

of the model.

Consider the following cases:

1. For every t′ ∈ Πj(t), we have χj(t
′) = N .26

In this case, whatever C†j (t) is, C†j (t) can only be empty or contain just

N ’s by (12) (abusing terminology). The former subcase, as well as similar

situations below with empty C†j (t), involves more properties of C†j other than

(12) and (13), which makes the case not fundamental. In the latter subcase,

agent i should exclude t. This is the source of uniform N ’s.

2. For every t′ ∈ Πj(t), we have χj(t
′) = Y .

Now, C†j (t) is empty or contains only Y ’s by (12). The former subcase is not

fundamental. In the latter subcase, agent i has no hope to exclude t from

consideration, and, in fact, has to consider t.

3. For some t′ ∈ Πj(t), we have χj(t
′) = N ; and for some t′′ ∈ Πj(t), we have

χj(t
′′) = Y .

Consider the following mutually exclusive subcases:

a. There is t′′′ ∈ Πj(t) such that χj(t
′′′) 6= χj( t) and t′′′ ∈ Πi(t).

Whatever C†j (t) is, either it does not contain t (not a fundamental case

because it involves further discussion of C†j other than (12) and (13))

or we have t, t′′′ ∈ C†j (t) (this is true by (13) and t, t′′′ ∈ [Πi ∨ Πj](t)).

In the latter subcase, firm j will definitely object the new partnership,

and agent i should ignore t. This is the source of inseparable N ’s.

b. For any t′′′ ∈ Πj(t) such that χj(t
′′′) 6= χj(t), we have t′′′ /∈ Πi(t).

For worker i to ignore t, we must have C†j (t) containing at least one

N . Pick an arbitrary t′ ∈ Πj(t) such that χj(t
′) = N . Consider the

26Recall that the indicator functions χi and χj are defined by (3)-(4) in Section 3.2.
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following cases which may result in t′ ∈ C†j (t):

i. All Y ’s (and maybe some N ’s) will be ignored by agent j, so that

C†j (t) could at most contain only N ’s.

This is not a fundamental case.

ii. For every t′′ ∈ Πi(t
′), we have χi(t

′′) = Y .

In this case, whatever C†i (t
′) is, either it is empty (not a fundamen-

tal case) or it must contain only Y ’s by (12). Suppose the latter

happens. Then, firm j will have to consider t′, i.e., t′ ∈ C†j (t), due

to worker i’s definite willingness to participate in the new partner-

ship. This is the source of supported N ’s.

iii. For every t′′ ∈ Πi(t
′), we have χi(t

′′) = N .

In this case, whatever C†i (t
′) is, either it is empty (not a fundamen-

tal case) or it must contain only N ’s by (12). Suppose the latter

happens. Then, firm j will not consider t′, i.e., t′ /∈ C†j (t).

iv. For some t′′ ∈ Πi(t
′), we have χi(t

′′) = Y ; and for some t′′′ ∈
Πi(t

′), we have χi(t
′′′) = N .

Now we are faced with another question of what C†i (t
′) shall be, just

as we started with. Naturally, instead of starting another round of

discussion, we shall stop here and define C†i and C†j iteratively using

the fundamental sources of consideration refinement which we just

identified.

To sum up, there are only three fundamental sources of consideration re-

finements, uniform N ’s, inseparable N ’s and supported N ’s, exactly as we have

introduced. Within them, from agent i’s perspective, uniform N ’s are of order zero

in the sense that it is identified using just the information of Πj (and restriction

(12)); whereas inseparable N ’s and supported N ’s are of order one in the sense

that they are identified using both the information of Πj and the information of

Πi (and restriction (12) or (13)). Clearly, higher order reasoning will be taken

account in the iterative consideration refinement process.
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B.2 Definition of sophisticated blocking

To define sophisticated blocking, we first describe how agents’ sophisticated con-

sideration correspondences are formed.

We first demonstrate that agents’ willingness/unwillingness (i.e., the indi-

cator functions defined in (3)-(4)) may be adjusted to reflect inseparable N ’s or

supported N ’s, which helps us to build the discussion upon our uniform-N bench-

mark in Section 3.2.2. To wit, consider the inseparable N (right panel) and the

supported N (left panel) in the figure below:

Agent {Y N} · · ·
Potential partner . . . {Y Y }

Agent {Y N} · · ·
Potential partner {Y N Y }

In the left panel, since the agent will either consider neither of Y and N , or

definitely consider the supported N , the potential partner can treat the agent’s Y

as an N because it is tied with a supported N in the agent’s consideration. In the

right panel, since the agent will either consider neither of Y and N , or definitely

consider both together, again, the potential partner can treat the agent’s Y as an

N because it is tied with an inseparable N in the agent’s consideration. Therefore,

in terms of consideration refinement, the information conveyed by the inseparable

N and the supported N above can be reflected in the following figure, where the

hypothetical willingness/unwillingness of the agent is adjusted:

Agent {N N} · · ·
Potential partner . . . {Y Y }

Agent {N N} · · ·
Potential partner {Y N Y }

These adjustments turn the two kinds of sophisticatedN ’s into the familiar uniform

N , with which we could build our analysis on the benchmark in Section 3.2.2.

Naturally, as in Section 3.2.2, an agent only considers type assignments such

that the potential partner does not have uniform N (up to adjustment). Set

χ0 = χ, where χ is defined in (3)-(4), and C0 = Π. Agents’ consideration corre-

spondences are defined as the limit of C l
k in the following double-iteration process:
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Indicator function adjustment. For all l ≥ 1 and all t′ ∈ T ,

χli(t
′) :=


N if either ∃t′′ ∈ C l−1

i (t′) s.t. χl−1
i (t′′) 6= χl−1

i (t′) and t′, t′′ ∈ C l−1
j (t′)

or ∃t′′ ∈ C l−1
i (t′) s.t. χl−1

i (t′′) = N and ∀t′′′ ∈ C l−1
j (t′′), χl−1

j (t′′′) = Y,

χl−1
i (t′) otherwise;

χlj(t
′) :=


N if either ∃t′′ ∈ C l−1

j (t′) s.t. χl−1
j (t′′) 6= χl−1

j (t′) and t′, t′′ ∈ C l−1
i (t′)

or ∃t′′ ∈ C l−1
j (t′) s.t. χl−1

j (t′′) = N and ∀t′′′ ∈ C l−1
i (t′′), χl−1

i (t′′′) = Y,

χl−1
j (t′) otherwise.

Sophisticated consideration refinement. For all l ≥ 1 and all t′ ∈ T ,

C l
i(t
′) :=

{
t′′ ∈ Πi(t

′) : ∃t′′′ ∈ C l−1
j (t′′) s.t. χlj(t

′′′) = Y
}

(23)

C l
j(t
′) :=

{
t′′ ∈ Πj(t

′) : ∃t′′′ ∈ C l−1
i (t′′) s.t. χli(t

′′′) = Y
}
. (24)

The following lemma verifies that the consideration correspondence is mono-

tonically decreasing in l.

Lemma 5 For k = i, j and each t′ ∈ T , C l
k(t
′) is decreasing in l w.r.t. set

inclusion.

Since the set T is finite, there exists some l∗ such that C l
i (t′) = C∞i (t′) and

C l
j(t
′) = C∞j (t′) for all l ≥ l∗ and all t′ ∈ T . We say a state is sophisticatedly

blocked by a combination (i, j; p) if both agents in it have higher rematching payoffs

under every type assignment that is sophisticatedly considered at the true one.

Definition 6 A state (µ,p, t,Π) is sophisticatedly blocked by (i, j; p) if C∞i (t) 6=
∅, C∞j (t) 6= ∅ and

νt′(i),t′(j) + p >νt′(i),t′(µ(i)) + pi,µ(i) for all t′ ∈ C∞i (t) and

φt′(i),t′(j) − p >φt′(µ(j)),t′(j) − pµ(j),j for all t′ ∈ C∞j (t).

B.3 Additional results for Section 5

In this subsection, we list properties and connections of different blocking and sta-

bility notions. To facilitate comparison, we also include the complete-information

blocking/stability and the results already discussed in Section 5 sometimes.
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The following proposition examines IT and IM for all blocking notions.

Proposition 4 IT and IM of blocking notions are summarized as follows:

Blocking Notions
Properties

IT IM

Complete-information blocking satisfied not applicable

Sophisticated blocking satisfied not satisfied

Level-l blocking (l ∈ N) satisfied satisfied

The following proposition ranks blocking notions.

Proposition 5 The following statements are true:

(i) For every l ∈ N, if a state is level-l blocked, then it is level-(l + 1) blocked.

(ii) If a state is (level-∞) blocked, then it is sophisticatedly blocked.

(iii) If a state is sophisticatedly blocked, then it is complete-information blocked.

Moreover, none of the converse is true.

Denote by B the set of blocking combinations. Then an immediate corollary

of Proposition 5 is the following: Fix an arbitrary state, we have

B0 ⊂ B1 ⊂ · · · ⊂ B∞ ⊂ Bsophisticated ⊂ Bcomplete−information.

For each of the blocking notions, we have a corresponding stability notion.

More precisely, we take individual rationality as in Definition 1. The way to

formulate information stability for all blocking notions is the identical to that of

Section 3.3 up to notional replacement. The following proposition says that the

set of stable states is nonempty for each of the stability notions.

Proposition 6 The sets of level-l stable states with l ∈ N and sophisticatedly

stable states are all nonempty. Particularly, for any t ∈ T , let (µ,p) be a complete-

information stable allocation. Then

(i) for any partition profile Π, (µ,p, t, H∞µ,p(Π)) is level-l stable, where the Hµ,p(·)
operator is defined by level-l blocking; and

(ii) for the complete-information partition profile Π, (µ,p, t,Π) is sophisticatedly

stable.
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Now we are ready to rank the stability notions.

Proposition 7 The following statements are true:

(i) For every l ∈ N, a state is (essentially) level-l stable if it is level-(l+ 1) stable.

(ii) A state is (essentially level-∞) stable if it is sophisticatedly stable.

(iii) A state is (essentially) sophisticatedly stable if it is complete-information sta-

ble.

Moreover, none of the converse is true.

Denote by S the set of (essentially) stable states. Then an immediate corol-

lary of Proposition 7 is the following set-inclusion relation:

S0 ⊃ S1 ⊃ · · · ⊃ S∞ ⊃ Ssophisticate ⊃ Scomplete−information.

We close this subsection by establishing the equivalence between naive block-

ing and sophisticated blocking, which will imply the equivalence with blocking by

Theorem 4. Equivalence between blocking notions implies equivalence between

stability notions. The conditions to guarantee equivalence are exactly the ones

A1-A4 we introduced in Section 5.1.1.

Proposition 8 Under A1-A4, the following statements are equivalent:

(i) (µ,w, f ,Π) is level-l blocked for some l ∈ N.

(ii) (µ,w, f ,Π) is sophisticatedly blocked.

An immediate corollary of Proposition 8 is that under A1-A4, the stability

notions are all equivalent.

B.4 Proofs of Propositions 4-8

Proof of Proposition 4 It follows from the proof of Theorem 2 that every level-l

blocking satisfies both properties. Given Theorem 2 and Example 3 in Section 5.3,

we only need to prove that sophisticated blocking satisfies IT.

We prove SIT, i.e., χi(t
′) = Y and χj(t

′) = Y for all t′ ∈ [Πi ∨ Πj] (t), by

contradiction. The proof will be similar to that of Lemma 3, which uses mea-

surability (Lemma 2). We omit the establishment of measurability in the corrent
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context and refers directly to Lemma 2, as the extension is straightforward with-

out changing the statement. However, we present the rest of the proof completely

here, instead of just discussing the difference, to avoid confusion.

Suppose that there exists t′ ∈ [Πi ∨ Πj] (t) such that χi(t
′) = N . Since

(µ,p, t,Π) is blocked by (i, j; p), we know that

χi(t
′′) = Y for every t′′ ∈ C l∗

i (t).

Therefore, measurability (Lemma 2) implies

C l∗

i (t) ∩ [Πi ∨ Πj] (t) = ∅. (25)

By the iteration of consideration (23)-(24), (25) is true only if one of the following

two cases happens (for agent j at round l∗ − 1):

(a) C l∗−1
j (t) 6= ∅ and for every t′′′ ∈ C l∗−1

j (t), we have χl
∗
j (t′′′) = N .

(b) C l∗−1
j (t) = ∅, which implies C l∗−1

j (t) ∩ [Πi ∨ Πj] (t) = ∅.

Suppose case (a) holds. Then C l∗
j (t) ⊂ C l∗−1

j (t) (Lemma 5), implies that

χl
∗

j (t′′′) = N for every t′′′ ∈ C l∗

j (t).

Since (µ,p, t,Π) is blocked by (i, j; p), we have

χj(t
′′′) = Y for every t′′′ ∈ C l∗

j (t).

Therefore, these indicators Y ’s under χj are adjusted to N ’s when we update the

indicator functions. Measurability (Lemma 2) implies that these Y ’s never turn

to N ’s by inseparable N . Hence, these Y ’s are adjusted to N ’s by some supported

N , i.e., for some l, C l
j(t) contains some type assignment t′′′′ with χj(t

′′′′) = N and

it is supported by worker i’s uniform Y ’s. Obviously, such a type assignment t′′′′

must be considered by firm j as long as C l
j(t) 6= ∅.27 Then we have t′′′′ ∈ C l∗

j (t).

However, this contradicts χj(t
′′′) = Y for every t′′′ ∈ C l∗

j (t). Therefore, case (a)

does not hold.

Suppose case (b) holds. This is true only if either case (a) or case (b) holds

for agent i at round l∗ − 2. Similar argument as in the last paragraph shows that

case (a) leads to a contradiction. This continues until round zero is reached and

27It is generally true that supported N type assignments must be considered as long as the
corresponding consideration set is nonempty.
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only case (b) is possible, i.e., we have either (case (b) for agent i at round zero)

C0
i (t) ∩ [Πi ∨ Πj] (t) = ∅

or (case (b) for agent j at round zero)

C0
j (t) ∩ [Πi ∨ Πj] (t) = ∅.

However, both of them bring us to a contradiction since C0 = Π. Hence, for all

t′ ∈ [Πi ∨ Πj] (t), we have χi(t
′) = Y . Symmetric argument shows that χj(t

′) = Y

holds as well for all t′ ∈ [Πi ∨ Πj] (t).

In the following example, IM is not satisfied by sophisticated blocking because

the consideration refinement due to a supported N disappears when information

becomes finer.

Example 5 Consider a potential blocking pair for a state, where there are three

possible type assignments and the agents’ hypothetical willingness/unwillingness

is summarized in the figure below.

Truth

t1 t2 t3

Worker {Y N} {Y }
Firm {Y } {Y N}

Clearly, the firm’s right partition cell, which contains t2 and t3, is a case of

supported N . The worker knows that the true type assignment is either t1 or t2,

and he worries about t2, under which he would not obtain a higher payoff through

rematching. However, he would think that if the true type assignment is t2, then

the firm would know her right partition cell {t2, t3}, where the indicators should

be adjusted into uniform N ’s due to the supported N . Therefore, the worker does

not need to consider t2, which means that the potential blocking pair is indeed a

blocking pair.

Now let us consider an alternative situation in the figure below, where only

the firm’s partition changes.

9



Truth

t1 t2 t3

Worker {Y N} {Y }
Firm {Y } {Y } {N}

Clearly, agents have more precise information as the firm’s partition becomes

strictly finer. However, the worker and the firm no longer constitute a blocking

pair because the worker would consider t2 when evaluating the rematching.

Proof of Proposition 5 Straightforward by definitions and examples in the

main text.

Proof of Proposition 6 Identical to that of Theorem 1 for level-l stable states;

and identical to that of Lemma 4 for sophisticatedly stable states.

Proof of Proposition 7 We provide a unified proof for statements (i)-(iii).

More precisely, let W (eak)-blocking and S(trong)-blocking be any two blocking

notions among those mentioned in Proposition 5 such that if a state is W -blocked,

then it is S-blocked. For example, we can have W = level-l and S = level-

(l + 1). We proceed to show that if a state (µ,p, t,Π) is S-stable, then the state

(µ,p, t, HW,∞
µ,p (Π)) is W -stable, where HW

µ,p is the information refinement operator

as in (11) but associated with the W -blocking notion. We use similar superscripts

to differentiate notations associated with the two blocking/stability notions.

Now suppose (µ,p, t,Π) is S-stable. Then (µ,p, t,Π) is individually ratio-

nal and not S-blocked. Moreover, by the definition of N S
µ,p,Π(t), we know that

(µ,p, t′,Π) is individually rational and not S-blocked for all t′ ∈ N S
µ,p,Π(t). By our

assumption on S- and W -blocking, (µ,p, t′,Π) being not S-blocked implies that

(µ,p, t′,Π) is not W -blocked. Therefore, we have

N S
µ,p,Π(t) ⊂ NW

µ,p,Π(t). (26)

Since Πk(t
′) ⊂ N S

µ,p,Π(t) for every t′ ∈ N S
µ,p,Π(t) and every k (by the defini-

tion of HS
µ,p(·) and the fact that HS

µ,p(Π) = Π), it follows from (26) that

Πk(t
′) ⊂ NW

µ,p,Π(t) for all t′ ∈ N S
µ,p,Π(t) and all k ∈ I ∪ J.
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Therefore, we have

Πk(t
′) = [HW

µ,p(Π)]k(t
′) for all t′ ∈ N S

µ,p,Π(t) and all k ∈ I ∪ J. (27)

We claim that the state (µ,p, t′, HW
µ,p(Π)) is not W -blocked for every t′ ∈

N S
µ,p,Π(t). Otherwise, the state (µ,p, t′,Π) is S-blocked by (27) and our assump-

tion on S- and W -blocking (applied locally on the event N S
µ,p,Π(t)), which is a

contradiction. Hence, (µ,p, t′, HW
µ,p(Π)) is not W -blocked. The individual ratio-

nality of (µ,p, t′,Π) is equivalent to that of (µ,p, t′, HW
µ,p(Π)) by (27).

Inductively for every integer l ≥ 1, assuming

Πk(t
′) = [HW,l

µ,p(Π)]k(t
′) for all t′ ∈ N S

µ,p,Π(t) and all k ∈ I ∪ J,
we have that the state (µ,p, t′, HW,l

µ,p(Π)) is individually rational and not W -blocked

for every t′ ∈ N S
µ,p,Π(t). Therefore,

N S
µ,p,Π(t) ⊂ NW

µ,p,HW,l
µ,p (Π)

(t). (28)

Hence, for every t′ ∈ N S
µ,p,Π(t) and every k, we know by the fact HS

µ,p(Π) = Π that

Πk(t
′) = [HW,l+1

µ,p (Π)]k(t
′),

which implies that (µ,p, t′, HW,l+1
µ,p (Π)) is individually rational and not W -blocked.

Particularly, (µ,p, t, HW,l+1
µ,p (Π)) is individually rational and not W -blocked. Since

HW,l+1
µ,p (Π) is weakly finer than HW,l

µ,p(Π), there exists l∗ such that HW,l∗+1
µ,p (Π) =

HW,l∗
µ,p (Π). Therefore, the limit state (µ,p, t, HW,∞

µ,p (Π)) = (µ,p, t, HW,l∗
µ,p (Π)) is

W -stable.

Proof of Proposition 8 By Theorem 4, it suffices to show that (i, j) is a blocking

pair for the state (µ,w, f ,Π) if and only if it is a sophisticated one. The only-if

part follows from Proposition 5. We proceed to show that if (i, j) is a sophisticated

blocking pair, then it is a blocking pair.

First of all, we claim that under A4, there does not exist inseparable N .

More precisely, by A4, the join partition must has a singleton cell at every type

assignment, particularly at the true type profile (w, f), i.e.,

[Πi ∨ Πj] (w′, f ′) = {(w′, f ′)} for all (w′, f ′) ∈ T . (29)

Then, an immediate implication is that there does not exist inseparable N when

the two agents update their consideration.
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Now we are ready to show that if (i, j) is a sophisticated blocking pair, then it

is a blocking pair. The two blocking notion differs only in the refinement of agents’

consideration. Namely, sophisticated blocking takes inseparable N and supported

N into account but blocking does not. Since inseparable N never happens, we

only need to show that supported N , if not a uniform N , cannot differentiate the

two blocking notions (of course, uniform N ’s cannot distinguish the two blocking

notions).

Suppose C l
i(w, f) can be refined due to agent j’s supportedN . More precisely,

suppose that for some l, there exists (w′, f ′) ∈ C l
i(w, f) \ C l+1

i (w, f) and some

(w′′, f ′′) ∈ C l
j(w

′, f ′) such that χlj(w
′′, f ′′) = N and

χli(w
′′′, f ′′′) = Y for all (w′′′, f ′′′) ∈ C l

i(w
′′, f ′′). (30)

By the assumption that we are in a supported N case which is not a uniform N ,

C l
j(w

′, f ′) contains both Y and N .

We claim that (w′′, f ′′) ∈ C l
i(w

′′, f ′′). Otherwise, it was either ruled out by

uniform N or ruled out by supported N , the latter of which implies that the indi-

cators in C l
j(w

′, f ′) were all adjusted to N . Then both cases contradicts C l
j(w

′, f ′)

containing both Y and N . Hence, (w′′, f ′′) ∈ C l
i(w

′′, f ′′).

Obviously, by (30), (w′′, f ′′) ∈ C l
i(w

′′, f ′′) implies χli(w
′′, f ′′) = Y , which in

turn implies by Conditions A1-A3 that

f ′′(j) > f ′′(µ(i)).

By A4, firm j knows the types of firms. Then, for each (w′′′′, f ′′′′) ∈ Πj(w
′′, f ′′), we

have f ′′′′ = f ′′. Since (w′′, f ′′) ∈ C l
j(w

′, f ′), we know that (w′, f ′) ∈ Πj(w
′′, f ′′). As

a result, f ′ = f ′′. Therefore, χli(w
′, f ′) = Y . Since (w′, f ′) ∈ C l

i(w, f)\C l+1
i (w, f) is

taken arbitrarily, we know that agent j’s supported N only rules out Y in C l
i(w, f).

By symmetric arguments, agent i’s supported N only rules out Y in C l
j(w, f).

Since (i, j) is a sophisticated blocking pair for (µ,w, f ,Π), we know that with more

Y ’s at (w, f) for both agents, (i, j) is also a blocking pair.
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